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PREFACE. 



rriHIS book is intended for beginners. As beginners generally find 
great difficulty in comprehending the connection between a locus 
and its equation, the opening chapter is devoted mainly to an attempt, 
by means of easy illustrations and examples, to make this connection 
clear. 

Each chapter abounds in exercises; for it is only by solving 
problems which require some degree of original thought that any 
real mastery of the study can be gained. 

The more difficult propositions have been put at the ends of the 
chapters, under the heading of *' Supplementary Propositions." This 
arrangement makes it possible for every teacher to mark out his own 
course. The simplest course will be Chapters I.-III. and Chapters 
V.-VII., with Review Exercises and Supplementary Propositions left 
out Between this course and the entire work the teacher can exer- 
cise his choice, and take just so much as time and circumstances will 
allow. 

The author has gathered his materiab from many sources, but he 
is particularly indebted to the English treatise of Charles Smith. 
Special acknowledgment is due to G. A. Hill, A.M., of Cambridge, 
Mass., and to Prof. J. M. Tatlob, Madison University, Hamilton, 
New York, for assistance in the preparation of the book. 

Corrections and suggestions will be thankfully received. 

G. A. WENTWORTH. 
Exeter, N.H., January, 1888. 



NOTE TO SECOND EDITION. 

In this edition such changes have been made as actual experience 
in the class-room has shown to be desirable. 

A chapter on Higher Plane Curves, and four chapters on Solid 
Geometry have been added, making the work sufficiently extensive 
for our best schools and colleges. 

An effort has been made to have this edition free from errors. It 
is not likely, however, that this effort has been entirely successful, 
and the author will be very grateful to any reader who will notify 
him of any needed corrections. 

G. A. WENTWORTH. 
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AIS^ALYTIC GEOMETRY. 



Part I. — Plane Geometry. 



CHAPTER I. 



LOCI AND THEIR EQUATIONS. 



Rectilinear System of Co-ordinates. 

1. Let XX^ and FF' (Fig. 1) be two fixed lines intersect- 
ing in the point 0. These lines divide the plane in which 
they lie into four portions. 
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Fig. I. 

Let these parts be called Quadrants (as in Trigonometry), and 
distinguished by naming the area between OX and Y the 
first quadrant ; that between Y and OX^ the second quad- 
rant ; that between OX' and F' the third quadrant ; and 
that between OY' and OX the fourth quadrant. 



2 ANALYTIC GEOMETRY. 

Suppose the position of a point is described by saying that its 
distance from YY\ expressed in terms of some chosen unit of 
length, is 3, and its distance from XX^ is 4, it being under- 
stood that the distance from either line is measured parallel 
to the other. It is clear that in each quadrant there is one 
point, and only one, which will satisfy these conditions. The 
position of the point in each quadrant may be found by draw- 
ing parallels to FF' at the distance 3 from YY\ and paral- 
lels to XX^ at the distance 4 from XX^ ; then the intersections 
Pi, P2, P5, and Pi satisfy the given conditions. 
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Fig. I. 

2. In order to determine which one of the four points, 
Pi, P2,.P5, P4, is meant, we adopt the rule that opposite 
directions shall be indicated hy unlike signs. As in Trigo- 
nometry, distances measured from YY^ to the right are con- 
sidered jsosi^ive; to the left J negative. Distances measured from 
XX* upward are positive; doumward, negative. Then the 
position of Pi will be denoted by -}- 3, -|- 4 ; of P„ by — 3, -f 4 ; 
ofPs,by-3,-4; of P, by -F3, -4. 

3, The fixed lines XX* and YY* are called the Axes of 
Oo-ordinates ; XX* is called the Axis of Abscissas, or Axis of x ; 
YY*, the Axis of Ordinates, or Axis of y. The intersection is 
called the Origin. ^ 



LOCI AND THEIB EQUATIONS. 8 

The two distances (with signs prefixed) which determine 
the position of a point are called the Oo-ordinates of the point ; 
the distance of the point from YY^ is called its AbsoiBBa ; and 
the distance from XX\ its Ordinate. 

Abscissas are usually denoted by x, and ordinates by y, and 
a point is represented algebraically by simply writing the 
values of its co-ordinates within parentheses, that of the 
abscissa being always written first. 

Thus Pi (Fig. 1) is the point (3, 4), P, the point (-3, 4), 
Ps the point (—3, —-4), and P4 the point (3,-4). In gen- 
eral the point whose co-ordinates are x and y is the point 

4. This method of determining the position of a point in a 
plane is called the Sectilinear System of Oo-ordinates. The co- 
ordinates are called rectangular^ or oblique, according as the 
axes are rectangular or oblique ; that is, according as the axes 
intersect at right or oblique angles. In the first three chap- 
ters we shall use only rectangular co-ordinates. 

Note. The first man who employed this method successfully in 
investigating the properties of certain figures was the French philoso- 
pher Descartes, whose work on Geometry appeared in the year 1637. 

Ex. 1. 

1. What are the co-ordinates of the origin ? 

2. In what quadrants are the following points (a and h 
being given lengths) : 

(—a, - b\ (- a, J), (a, 6), (a, - b). 

3. To what quadrants is a point limited if its abscissa is 
positive ? negative ? ordinate positive ? ordinate negative ? 

4. In what line does a point lie if its abscissa = ? if its 
ordinate = ? 

6. A point (re, y) moves parallel to the axis of x ; which one 
of its co-ordinates remains constant in value ? 



4 ANALYTIC GEOMETRY. 

6. Construct or yo< the points: (2,3), (3,-3), (-^1,-3), 
(-4,4), (3,0), (-3,0), (0,4), (0,-1), (0,0). 

Note. To plot a point is to mark its properj^position on paper, when 
its co-ordinates are |;iven. The first thing to do is to draw the two 
axes. The rest of the work is obvious after a study of Nos. 1-3. 

7. Construct the triangle whose vertices are the points 
(2,4), (-2,7), (-6,-^8).. 

8. Construct the quadrilateral whose vertices are the points * 
(7,2), (0,-9), (-3,-1), (-6.4). 

9. Construct the quadrilateral whose vertices are (—3,6), 
(-3, 0), (3, 0), (3, 6). What kind of a quadrilateral is it ? 

10. Mark the four points (2, 1), (4, 3), (2, 5), and (0, 3), 
and connect them by straight lines. What kind of a figure 
do these four lines enclose ? 

11. The side of a square = a; the origin of co-ordinates 
is the intersection of the diagonals. What are the co-ordinates 
of the vertices (i.) if the axes are parallel to the sides of the 
square ? (ii.) if the axes coincide with the diagonals ? 

^- ^'Ki' i) (-1 i)' (-1 -1} (I -i)= 

(ii.)(fV2. O). (O. |V2) (-|V2. 0). (O. -^^/2). 

7^ 12. The side of an equilateral triangle = a ; the origin is 
taken at one vertex and the axis of x coincides with one ijide. 
What are the co-ordinates of the three vertices ? 

Am. (0,0), (a,0), (| |>/5). 

-^ 13. The line joining two points is bisected at the origin. 
If the co-ordinates of one of the points are a and b, what are 
the co-ordinates of the other ? 

14. Connect the points (5, 3) and (5, — 3) by a straight 
line. What is the direction of this line ? 



LOCI AND THEIR EQUATIONS. 



Circular Measure. 



6. In Analytic Geometry, angles are often expressed in 
degrees, minutes, and seconds ; but sometimes it is very con- 
venient to employ the Circular Measure of an angle. 

In circular measure an angle is defined by the equation 



angle = 



arc 



radius 

in which the word " arc " denotes the length of the arc corre- 
sponding to the angle when both arc and radius are expressed 
in terms of a common linear unit. 

This equation gives us a correct measure of angular magni- 
tude, because (as shown in Geometry) for a given angle the 
value of the above ratio of arc and radius is constant for all 
values of the radius. 

If the radius = 1, the equation becomes 

angle = arc ; that is, 

In circular measure an angle is measured by the length of 
the arc subtended hy itina unit circle. 

It is shown in Geometry that the circumference of a unit 
circle = 2ir ; as this circumference contains 360® common 
measure, the two measures are easily compared by means 
of the relation ^ 

360 degrees = 2 IT units, circular measure. 

Ex. 2. 

1. Find the value in circular measure of the angles 1®, 

45^ 9o^ l8o^ 27o^ 

^^* 180' ^'' **' '* *'* 

2. In circular measure, unit angle is that angle whose arc 

is equal to the radius of the circle. What is the value of this 

angle in degrees, etc. ? 

Ant. 5ri7M5'^ 
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Distance between Two Points. 
6. To find the distance between two given points. 
Let P and Q (Fig. 2) be the given points, Xi and yi the 

co-ordinates of P, x^ and y, those of Q, Also let d = PQ = 

the required distance. 
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Draw PJf and QJST II to OF, and PP II to OX. 

Then * OM=Xu MP = y^, 

ON=x,, NQ = y,, 

PP = X2 — xu QR = y^- yy. 

By Geometry, 

whence d = V(a5j — a5i)2+(y,- yj)a. 

Since {x^ — a:,)' = (x^ — rci)', it makes no difference which 
point is calfed (rci, yi), and which (a:,, ^2)- 

7. Equation [1] is perfectly general, holding true for points 
situated in any quadrant. Thus, if P be in the second quad- 
rant and Q in the third quadrant (Fig. 3), x^—x^ is obvi- 
ously equal to the leg RQ ; and since y, is negative, y% — y\ is 
the sum of two negative numbers, and is equal to the absolute 
length of the leg RP with the — sign prefixed. 
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Note. The learner should satisfy himself that equation [1] is perfectly 
general, by constructing other special cases in which the points P and Q 
are in different quadrants. In every case he will find that the numeri- 
cal values of the expressions {x^ — x^ and (yj — yi)-«re the legs of the 
right triangle the hypotenuse of which is the required distance PQ. 

Equation [1] is merely one illustration of a general truth, of which 
the learner will gradually become convinced as he proceeds with the 
study of the subject ; namely, that theorems and formidas deduced by 
reasoning with points or lines in the first qitadrant (where the co-ordinates 
are always positive) miLstj from the very nature of the analytic method, 
hold true when the poirUs or lines are situated in the other quadrants. 

Ex. 3. 

Find the distance 

1. From the point (—2, 5) to the point (—8, ~3). 

2. From the point (1, 3) to the point (6, 15). 

3. From the point (—4, 5) to the point (0, 2). 

4. From the origin to the point (—6, —8). 

6. From the point (a, b) to the point (—a, —b). 

Find the lengths of the sides of a triangle 

6. If the vertices are the points (15,-4), (-9,3), (11,24). 

7. If the vertices are the points (2, 3), (4, —5), (-3, -6). 

8. If the vertices are the points (0, 0), (3, 4), (-3, 4). 

9. If the vertices are the points (0, 0), (— a, 0), (0, — b). 

10. The vertices of a quadrilateral are (5, 2), (3, 7), (—1, 4), 
(—3, —2). Find the lengths of the sides and also of the 
diagonals. 

11. One end of a line whose length is 13 is the point 
(—4, 8) ; the ordinate of the other end is 3. What is its 
abscissa ? 

12. What equation must the co-ordinates of the point (x, y) 
satisfy if its distance from the point (7,-2) is equal to 11 ? 
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13. What equation expresses algebraically the fact that 
the point {x, y) is equidistant from the points (2, 3) and 
(4,5)? 

14. If the value of a quantity depends on the sqtuzre of a 
length, it is immaterial whether the length be considered 
positive or negative. Why ? 

Division op a Line. 
8. To bisect the line joining two given points. 

Let F and Q (Fig. 4) be the given points (a?i, yi) and (a:„y,). 
Let X and y be the co-ordinates of H, the mid-point of JPQ, 

The meaning of the problem is to find the values of x and y 
in terms of Xi, yi, and a;,, y,. 

r 





Draw FM, FS, QN II to OF; also draw PA, RB II to OX 

Then rt. A PEA = rt. A EQB (hypotenuse and one acute 
angle equal). 

Therefore FA = FB, and AF = BQ; 

also MS=SN. 

By substitution, x — Xi^x^ — x, and y — yi = y, — y ; 



whence 



X = 



_ a?! + ag, , 



2 



y 



Vx + y^ 



[2] 
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9. lb divide the line joining two given points into two parts 
having a given raiio m : n. 

Let Pand Q (Fig. 5) be the given points (xi, y{) and (a:,, y,). 
Let It be the required point, such that PR : RQ = m:n, and 
let a; and y denote the co-ordinates of R. 

Complete the figure by drawing lines as in Fig. 4. 

The rt. A PRA and RQB^ being mutually equiangular, 
are similar ; therefore 

PA^PR^m ^^^ AR^PR^m 
RB RQ n ° RQ RQ n 

Substituting for the lines their values, we have 

^,^i^j^^ and y^zyij^. 

x^—x n y%^y w 

Solving these equations for x and y, we obtain 

_ ma^^ + na?i _ my, + ny. 
*= m + n ' ^- m + n * [^] 

If w = w, we have the special case of bisecting a line already 
considered ; and it is easy to see that the values of x and y 
reduce to the forms given in [2]. 

Bx. 4. 

What are the co-ordinates of the point 

1. Half-way between the points (5, 3) and (7, 9) ? 

2. Half-way between the points (—6, 2) and (4, ~2) ? 

3. Half-way between the points (5, 0) and (—1, — 4) ? 

4. The vertices of a triangle are (2, 3), (4, ~5), (—3, -6) ; 
find the middle points of its sides. 

5. The middle point of a line is (6, 4), and one end of the 
line is (6, 7). What are the co-ordinates of the other end ? 

6. A line is bisected at the origin ; one end of the line is the 
point (—a, 6). What are the co-ordinates of the other end ? 
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7. Prove that the middle point of the hypotenuse of a right 
triangle is equidistant from the three vertices. 

8. Prove that the diagonals of a parallelogram mutually 
bisect each other. 

9. Show that the values of x and y in [2] hold true when 
the two given points both lie in the second quadrant. 

10. Solve the problem of § 9 when the line PQ is cut 
externally instead of internally, in the ratio m : w. 

11. What are the co-ordinates of the point which divides 
the line joining (3, — 1) and (10, 6) in the ratio 3:4? 

12. The line joining (2, 3) and (4, —5) is trisected ; deter- 
mine the point of trisection nearest (2, 3). 

13. A line AB is produced to a point OJ such that BC= 
\AB, li A and B are the points (5, 6) and (7, 2), what are 
the co-ordinates of (7? 

14. A line AB is produced to a point (7, such that AB : BC 
= 4:7. HA and B are the points (5, 4) and (6, —9), what 
are the co-ordinates of (7 ? 

15. Three vertices of a parallelogram are (1, 2), (—5,-3), 
(7, — 6) . What is the fourth vertex ? 

Constants and Variables. ' 

10. In Analytic Geometry a line is regarded as a geometric 
magnitude traced or generated hy a rrumng point, — just as we 
trace on paper what serves to represent a line to the eye by 
moving the point of a pen or pencil over the paper. 

We shall find that great advantages are to be gained by 
defining a line in this way, but we must be prepared from 
the outset to make an important distinction in the use of 
symbols representing lengths. We must distinguish between 
symbols which denote definite or fixed lengths and those 
which denote variable lengths. 
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11. A simple example will serve to illustrate thi s differe nce. 
Let A (Fig. 6) be the point (3, 4). Then OA = \/9+l6 = 5. 
Now let a point F describe the line OA by moving from 
to Af and let the co-ordinates of P be denoted by x and y ; 
also let z denote the length OP at any position of P. Then 
it is clear that the distance OP or z will be equal to 0, to 
begin with, and will increase in value continuously until it 
becomes equal to 5. 

F 




Here the word contintumsly deserves special attention. It 
means that P must pass successively through every conceiv- 
able position on the line OA from to A\ that, therefore, z 
must have in succession every conceivable value between 
and 5. There will be one position of P for whiah z is 
equal to 2; there will be another position of j^fof Xwhich 
z is equal to 2.000001 ; but bo^J'^Teac^^ing thif value it must 
first pass through all values between 2j|and 2.-060D01. ^ - 

In the same way the co-ordinates , of P, namely, x and y, 
both pass through a continuous series of changes in value 
unlimited in number, the abscissa x increasing continuously 
from to 3, and the ordinate y from to 4. 

We may now divide the lengths considered in this example 
into two classes : 

(1) Lengths supposed to remain constant in value, namely, 
the co-ordinates of A and the distance OA ; (2) lengths sup- 
posed to vary continuously in value, namely, the co-ordinates 
of P, (x and y), and the distance OP or z. 
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Quantities of the first kind in any problem are called con- 
stant quantities, or, more briefly, Oonstants. 

Quantities of the second kind are called variable quantities, 
or, more briefly, Variables. 

12. Two variables are often so related that if one of them 
changes in value, the other also changes in value. The second 
variable is then said to be a, function of the first variable. 
The second variable is also called the dependent variable, 
while the first is called the independent variable. Usually 
the relation between two variables is such that either may be 
treated as the independent variable, and the other as the 
dependent variable. 

Thus, in § 11, if we suppose z to change, then both x and 
y will change ; the values of x and y then will depend upon 
the value given to z ; that is, x and y will be functions of z. 
But we may also suppose the value of a:, the abscissa of P, 
to change ; then it is clear that the values of both y and z 
must also change. In this case we take x as the independent 
variable, and values of y and z will depend upon the value 
of X ; that is, y and z will he functions of x. 

13. The most concise way to express the relations of the 
constants and variables which enter into a problem is by 
means of algebraic equaiioTis. 

The co-ordinates of P (Fig. 6) throughout its motion are 
always x and y ; and the triangle 0PM is similar to the 
triangle OAB, Hence, for any position of P, 

2 = |and2» = :r« + y«; 
X 3 

whence, by solving, 

y = -a;, and 2 = ^3?, 

equations which express the values of j and «, respectively, 
in terms of a? as the independent variable. 
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14. In § 11, instead of assuming 3 and 4 as the co-ordi- 
nates of Ay we might have employed two letters, as a and i, 
with the understanding that these letters should denote two 
co-ordinates which remain constant in value during the motion 
of P. If we choose these letters, and then proceed exactly 
as in § 13, we obtain for the values of y and z, 

^ a ' a 

16. There is a noteworthy difference between the constants 
. 3 and 4 and the constants a and b. The numbers 3 and 4 
are unalterable in value ; they cannot be supposed to change 
under any circumstances. The letters a and b are constants 
in this sense only, that they do not change in value when we 
suppose X or y or z to change in value ; in other words, they 
are not functions of a: or y or z in the particular problem 
under discussion. In all other respects they are free to rep- 
resent as many different values as we choose to a^ign to them. 

Constants of the first kind (arithmetical numbers) are called 
absoliUe constants. Constants of the second kind (letters) are 
called arbitrary or general constants. 

16. By general agreement, variables are represented by the 
last letters of the alphabet, as a:, y, z; while constants are 
most commonly represented by the first letters, a, J, c, etc., or 
by the last letters with subscripts added, as Xi^ yi, a:,, y„ etc. 

Ex. 5. 

1. A point P(Xy y) revolves about the point Q (.ri, yi), keep- 
ing always at the distance a from it. Mention the constants 
and the variables in this case. What is the total change in 
the value of each variable ? ' 0-.^ • 

2. A point Q {x, y) moves : first parallel to the axis of y, 

then parallel to the axis of x, then equally inc linedjfco the y-'^^-^^ 
axes. Point out in each case the constants and the variables. ^'^-^ J^ 



MOnlotd tt-rvw > '::^ U» -V cP ^ ^"^*^<-a €-dU-^ . 



v^ 
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Locus OF AN Equation. 

17. Let us continue to regard x and y as the co-ordinates of 
a point, and proceed to illustrate the meaning of an algebraic 
equation containing one or both of these letters. 

Take as the first case the equation a: — 4 = 0, whence a? = 4. 
It is clear that this equation is satisfied by the co-ordinates of 
every point so situated that its abscissa is equal to 4 ; there- 
fore it is satisfied by the co-ordinate of every point in the line 



Fig. 7. 

AB (Fig. 7), drawn II to F, on the right of F, and at the 
distance 4 from O Y. And it is also clear that this line con- 
tains all the points whose co-ordinates will satisfy the given 
equation. 

The line ABy then, may be regarded as the geometric rep- 
resentation or meaning of the equation a; — 4 = ; and con- 
versely, the equation a; — 4 = may be considered to be the 
algebraic representative of this particular line. 

In Analytic Geometry the line AB is called the locus of 
the equation a:— 4 = ; conversely, the equation a: — 4 = is 
known as the equation of the line AB. 

The line AB is to be regarded as extending indefinitely in 
both directions. If AB be described by a point P, moving 
parallel to the axis of y, then at all points x is constant in 
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value and equal to 4, while y (which does not appear in the 
given equation) is a variable, passing through an unlimited 
number of values, both positive and negative. 

18. The equation a; — y = 0, or a: = y, states in algebraic 
language that the abscissa of the point is always equal to the 
ordinate. 



Values of x. Values of y . 

0. 

1 1. 

2 2. 

- 1 - 1. 

etc. etc. 



Fig. 8. 

If we draw through the origin (Fig. 8) a straight line 
AB^ bisecting the first and third quadrants, then it is easy to 
see that the given equation is satisfied by every point in this 
line and by no other points. If we conceive a point P to 
move so that its abscissa shall always be equal to its ordinate, 
then the point must describe the line AB, In other words, 
if the point P is obliged to move so that its co-ordinates 
(which of course are variables) shall always satisfy the con- 
dition expressed by the equation a? — y = ; then the motion 
of P is confined to the line AB. 

The line AB is the locus of the equation x~-y = 0, and 
this equation represents the line AB, 

19. The equation 2a;+y — 3 = 0is satisfied by an unlimited 
number of values of x and y. We may find as many of them 
as we please by assuming values for one of the variables, and 
computing the corresponding values of the other. 
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If we assume for x the values given below, we easily find 
for y the corresponding values given in the next column. 




ValneB of x. 


Values of y 


. . . 


. . 3. 


1 . . . 


. . 1. 


2 . . . 


... -1. 


3 . . . 


. . -3. 


4 . . . 


. . -5. 


-1 . . . 


. . 5. 


-2 . . . 


. . 7. 


-3 . •. . 


. . 9. 


-4 . . . 


. . 11. 


etc. 


etc. 



Fig. 9. 

Plotting these points (as shown in Fig. 9), we obtain a series 
of points so placed that their co-ordinates all satisfy the given 
equation. By assuming for x values between and 1, 1 and 
2, etc., we might in the same way obtain as many points as 
we please between A and By B and (7, etc. In this- case, 
however, the points all lie in a straight line (as will be shown 
later) ; so that if any two points are found, the straight line 
drawn through them will include all the points whose co-ordi- 
nates satisfy the given equation. Now imagine that a point P, 
the co-ordinates of which are denoted by a: and y, is required 
to move in such a way that the values .of x and y shall always 
satisfy the equation 2a? + y — 3 = 0; then P must describe 
the line AB, and cannot describe any other line. 

The line AB is the locus of the equation 2a: + y — 3 = 0. 

20. Thus far we have taken equations of the first degree. 
Let us now consider the equation re* — y = 0. By solving for 
y, we obtain y = d= or. Hence for every value of x there are 




Fig. iO. 
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two values of y, both equal numerically to a:, but having unlike 
signs. Thus, for assumed values of x^ we have corresponding 
values of y given below ; 

Values of x. Values of y. 

0. 

1 1,-1. 

2 2,-2. 

3 3,-3. 

-1 -1, 1. 

-2 -2, 2. 

-3 -3, 3. 

By plotting a few points, and comparing this case with the 
example in § 19, it becomes evident that the locus of the 
equation consists of tvH> lines, AB, CD (Fig. 10), drawn 
through the origin so as to bisect the four quadrants. 

21. There is another way of looking at this case. The equa- 
tion a^—y*=0, by factoring, may be written (x—y) (x+y)=0. 
Now the equation is satisfied if either factor = ; hence, it is 
satisfied if a: — y = 0, and also if a; + y = 0. We know (see 
§ 19) that the locus of the equation x — y = is the line 
AB (Fig. 8). And the locus of the equation x + y = (or 
x = — y) is evidently the line CDy since every point in it is 
so placed that the two co-ordinates are equal numerically but 
unlike- in sign. Therefore the original equation a^ — y* = 
is represented by the pair of lines AB and CD (Fig. 10). 

22. Let us next consider the equation a;* + 3/" = 25. Solv- 
ing for y, we obtain y = ±V25— a:*. When x < 5 there 
are two values of y equal numerically but unlike in sign. 
When a? = 5, y = 0. When a? > 5 the values of y are imagi- 
nary ; this last result means that there is no point with an 
abscissa greater than 5 whose co-ordinates will satisfy the 
given equation. 
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By assigning yalues of x differing hj unity, we obtain the 
following sets of values of x and y ; and by plotting the points, 
and then drawing through them a continuous curve, we obtain 
the curve shown in Fig. 11. 




Rg. II. 



lines of X. 


Values of y. 


. . . 


. . ±5. 


1 . . . 


. . ±4.9. 


2 . . . 


. . ±4.6. 


3 . . . 


. . ±4. 


4 . . . 


. . ±3. 


5 . . 


. . 0. 


-1 . . 


. . ±4.9. 


-2 . . 


. . ±4.6. 


-3 . . 


. . . ±4. 


-4 . . 


. . . ±3. 


-5 . . 


. . . 0. 



In this case, however, the locus may be found as follows : 
Let F (Fig. 11) be any point so placed that its co-ordinates, 
x=OM, y = MF, satisfy the equation a^ + y* = 25. Join 
OF; then a;*+y* = OF* ; therefore 0F= 5. Hence, if F is 
anywhere in the circle described with as centre and 6 for 
radius, its co-ordinates will satisfy the given equation; and 
if P is not in this circle, its co-ordinates will not satisfy the 
equation. This circle, then, is the locus of the equation. 

28. The points whose co-ordinates satisfy the equation 
^ = 4a? lie neither in a straight line nor in a circle. Never- 
theless, they do all lie in a certain line, which is, therefore 
completely determined by the equation. To construct this 
line, we first find a number of points which satisfy the equa- 
tion (the closer the points to one another, the better) and then 
draw, freehand or with the aid of tracing curves, a continuous 
curve through the points. 

The co-ordinates pf a munber of such points are given in 
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the table below. It is evident that for each positive value of 
X there are two values of y, equal numerically but unlike in 
sign. If we assume a negative value for x, then the value 
of y is imaginary ; this result means that there are no 
points to the left of the axis of y which will satisfy the given 
equation. 



Valaee of x. 


Values of y. 


. . . 


. . 0. 


1 . . . 


. . ±2. 


2 . . . 


. . ±2.83. 


3 . . . 


. . ±3.46. 


4 . . . 


. . ±4. 


5 . . . 


. . ±4.47. 


6 . . . 


. . ±4.90. 


7 . . . 


. . ±5.29. 


8 . . . 


. . ±5.66. 


9 . . . 


. . ±6. 


-1 . . . 


. . imaginary 




Rg. 12. 



In Fig. 12 the several points obtained are plotted, and a 
smooth curve is then drawn through them. It passes through 
the origin, is placed symmetrically on both sides of the axis 
of X, lies wholly on the right of the axis of y, and extends 
towards the right without limit. It is the locus of the giv^ 
equation, and is a curve called the Parabola. 

^ 2L After a study of the foregoing examples, we may lay 
down the following general principles, which form the foun- 
dation of the science of Analytic Geometry : 

I. Every algebraic equation involving x and y is satisfied 
by an unlimited number of sets of values of x and y ; in other 
words, X and y may be treated as variables, or quantities vary- 
ing continuously, yet always so related that their values con- 
stantly satisfy the equation. 
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II. The letters x and y may also be regarded as represent- 
ing the co-ordinates of a point. This point is not fixed in 
position, because x and y are variables ; but it cannot be 
placed at random, because x and y can have only such values 
as will satisfy the equation ; now since these values are con- 
tinuous, the point may be conceived to move continuously ^ and 
will therefore describe a definite line, or group of lines. 

The line, or group of lines, described by a point moving so 

tlthat its co-ordinates always satisfy the equation is called the 

LocxiB of the Equation; conversely, the equation satisfied by 

the co-ordinates of every point in. a certain line is called the 

\ Equation of the Line. 

An eqimtion, therefore, containing the variables x and y 
is the algebraic representation of a line. 

In Analytic Oeometry the loci considered are represented 
by their equations, and the investigation of their properties 
is carried on by means of these equations. 

Ex. 6. 

Determine and construct the loci of the following equations 
(the locus in each case being either a straight line or a circle) : 

1. a:-6 = 0. 9. 9a;»-25 = 0: 

2. a:+5 = 0. 10. •4a:»-y'=^0. 

3. y = -7. 11, a;»-16y* = 0. 

4. a; = 0. -^12. a^-fy« = 36. 

5. y = 0. '^'^13.y-f3/»~l=^0. 

6. a: + y = 0. 14. ar(y+5) = 0, 

7. a;--2y = 0. 15. (a;- 2) (:r~3) = 0. 

8. 2a; + 3y + 10 = 0. 16. (y-4) (y -f 1) = 0. 
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17. What is the geometric meaning of the equation 
5aJ_17a;_12 = 0? 

Hint. Resolve the equation into two binomial factors. 

18. What is the geometric meaning of the equation 

19. What two lines form th§ locus of the equation 

X7/+4:X = 0? 

20. Is the point (2, — 5) situated in the locus of the equa- 
tion 4a:- 3y— 22=0? ^>^^ 

Hint. See if the co-ordinates of the point satisfy the equation. 

21. Is the point (4, — 6) in the locus of the equation 7/^=9x7 

22. Is the p^int ( — 1, -—1) in the locus of the equation 
16> + V+15a;-6y-18 = 0? " 

23. Does the locus of the equation a;'+y'=100 pass through 
the point (— 6, 8) ? 

24. Which of the loci represented by the following equa- 
tions pass through the origin ? 

(1) 3a?+2 = 0. "^ . (5) 3a: = 2y. ^ 

(2) 3a;-lly+7 = 0. i" (6) 3a;-lly = 0. 

(3) a;*-vi63^-10 = 0. (7) a:»-16y» = 0. 
■^ (4) ax + bj/ + c = 0. '} (8) ax + hi/ = 0. 

25. The abscissa of a point in the locus of the equation 
3a: — 4y — 7 = is 9; what is the value of the ordinate ? 

Ana, 5. 

26^ Determine that point in the locus of ^ — 4a:=0 for 
which the ordinate = - 6. ^^ The point (9. ~ 6). 

27. Determine the point where the line represented by the 
equation 7a? + y — 14 = cuts the axis of x. 

Am. The point (2, 0). 
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Intersections op Loci. 

26. The term Onrye, as used in Analytic Geometry, means 
any geometric locus, including the straight line as well as 
lines commonly called curves. 

The Intercepts of a curve on the axes are the distances from 
the origin to the points where the curve cuts the axes. 

26. To find the intercepts of a curve, having given its equation. 

The intercept of a curve on the axis of a: is the abscissa of 
the point where the curve cuts the axis of x. The ordinate of 
this point = 0. Therefore, to find this intercept, put y = in 
the given equation of the curve, and then solve the equation 
for X ; the resulting real values of x will be the intercepts 
required. 

If the equation is of a higher degree than the first, there 
will in general be more than one real value of x\ and the 
curve will intersect the axis of a; in as many points as there 
are real values of x. 

To an imaginary value of x there corresponds no intercept ; 
but it is sometimes convenient to speak of such a value as an 
imaginary intercept. 

Similarly, to find the intercepts on the axis of y, put a: = 
in the given equation, and then solve it for y ; the resulting 
real values of y will be the intercepts required. 

27. To find the points of intersection of two curves, having 
given their equations. 

Since the points of intersection lie in both curves, their co- 
ordinates must sdtisfy both equations. Therefore, to find their 
co-ordinates, solve the two equations, regarding the variables 
X and y as unknown quantities. 

If the equations are both of the first degree, there will be 
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only (yae pair of values of x and y, and one point of inter- 
section. 

If the equations are, one or both of them, of higher degree 
than the first, there may be several pairs of values of x and 
y ; in this case there will be as many points of intersection as 
there are pairs of real values of x and y. 

If imaginary values of either x or y are obtained, there are 
no corresponding points of intersection. 

'^28. Jff a curve pass through the origin, its eqvmion, reduced 
to its simplest form, cannot have a constant term; that is, cannot 
have a term free from both x and y. 

Since in this case the point (0, 0) is a point of the curve, 
its equation must be satisfied by the values a: = 0, and y = 0. 
But it is obvious that these values cannot satisfy the equation 
if, after reduction to its simplest form, it still contains a con- 
stant term. Therefore the equation cannot have a constant 
term. 

29. If an eqvMion ?ias no constant term, its locus must pass 
through the origin. 

For, the values ar = 0, y = must evidently satisfy the equa- 
tion, and therefore the point (0, 0) must be a point of the 
lociis. 

Ex. 7. ^ « 

Find the intercepts of the following curves : 



./ 



1, 


4a; + 3y-48 = 0. 


8. 


a;-3 = 0. 


2. 


5y-3a; — 30 = 0. 


^ 9. 


a:'-9 = 0. 


3. 


!>? + y' = l&. 


10. 


^-y> = 0. 


4. 


9a:'+4y' = 16. 


11. 


y'^ix. 


5. 


9ai'-4y* = 16. 


12. 


x' + i/'-4x-8i/ = Z2. 


6. 


9a;'-4y==16. 


_ 13. 


a^ + y'-ix~8y = 0. 


7. 


a'x' + by = a*b\ 


14. 


(a;-5)'+(y-6)' = 20. 




./ - - ? ^' 


l' 


, • ■'. 
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Find the points of intersection of the following curves : 

15. 3a:-4y + 13 = 0, llx + 7y-104 = 0. 

16. 2ar + 3y=7, x — y = l, 

17. a;-7y+25 = 0, a;* + y» = 25. 

18. 3a;'+4y = 25, a:» + y = 25. 

19. ar + y = 8, a;» + 3/» = 34. 

20. 2a; = y, a;* + 3^ — 10a: = 0. 

21. The equations of the sides of a triangle are 2x + ^y 
+ 17=0, 7a;-y-38 = 0, a; — 2y + 2=0. Find the co- 
ordinates of its three vertices. 

22. The equations of the sides of a triangle are 5a:+6y=12, 
3a: — 4y = 30, a; + 5y = 10. Find the lengths of its sides. 

23. Find the lengths of the sides of a triangle if the equa- 
tions of the sides are a? = 0, y = 0, and 4a: + 3y = 12. 

24. What are the vertices of the quadrilateral enclosed by 
the straight lines a;~a = 0, a; + a = 0, y — 5 = 0, y + 6 = 0? 
What kind of a quadrilateral is itT 

25. Does the straight line 5a: + 4v = 20 cut the circle 
^' + y" = 9?^>- 

26. Find the length of that part of the straight line 
3 a: — 4y = which is contained within the circle a:* + y* = 25. 

27. Which of the following curves pass through the origin 
of co-ordinates ? -r o & 

8hfS't.2T>f' ^\ T"^''^ * ^+2y-7= so that its locus 
snail pass through the origin. 
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Construction op Loci. 

30. If we know that the locus of a given equation is a 
straight line, the locus is easily constructed ; it is only neces- 
sary to find any two points in it, plot them, and draw a 
straight line through them with the aid of a ruler. 

Likewise, if we know that the locus is a circle, and can find 
its centre and its radius, the entire locus can then be immedi- 
ately described with the aid of a pair of compasses. 

It will appear later on that the form of the given equation 
enables us at once to tell whether its locus is a straight line 
or a circle. 

If the locus of an equation is neither a straight line nor a 
circle, then the following method of construction, which is 
applicable to the locus of any equation without regard to the 
form of the curve, is usually employed. 

31. To construct the locus of a given eqication. 

The steps of the process are as follows : 

1. Solve the equation with respect to either x or y. 

2. Assign values to the other variable, differing not much 
from one another. 

3. Find each corresponding value of the first variable. 

4. Draw two axes, choose a suitable scale of lengths, and 
plot the points whose co-ordinates have been obtained. 

5. Draw a continuous curve through these points. 

Discussion. An examination of the equation, as shown in 
the examples given below, enables us to obtain a good general 
idea of the shape and size of the curve, its position with respect 
to the axes, etc. ; in this way it serves as an aid in construct- 
ing the curve, and as a means of detecting numerical errors 
made in computing the co-ordinates of the points. Such an 
examination is called a discussion of the equation. 
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Note 1. This method of constnicting a locos is from its nature an 
approximate method. But the nearer the points are to one another, the 
nearer the curve will approach the exact position of the locus. 

Note 2. In theory, it is immaterial what scale of lengths is used. 
In practice, the unit of lengths should be determined by the size of the 
paper compared with the greatest length to be laid off upon it. Paper 
sold under the name of " co-ordinate paper," ruled in small squares, ^ 
of an inch long, on each side, will be found very convenient in practice. 

32. Construct the locus of the equation 
9a:* + 4y»- 576 = 0. 
If we solve for both x and y, we obtain the following values : 

(1) 
(2) 



y = dbfV64-a;«, 



a?=ifc|Vl44 — y*. 

By assigning to x values differing by unity, and finding 
corresponding values of y, we obtain the results given below. 
To each value of x, positive or negative, there correspond two 
values of y, equal numerically and unlike in sign. By plotting 
the corresponding points, and drawing a continuous curve 
through them, we obtain the closed curve shown in Fig. 13. 




Values of as. 


Values of y. 


. 


. ±12. 


d=l . 


. . ±11.91. 


±2 . 


. . ±11.62. 


±3 . 


. . ±11.13. 


±4 . 


. ±10.39. 


±5 . 


. ± 9.36. 


±6 . 


. ± 7.93. 


±7 . 


. ± 5.80. 


±8 . 


. ± 0. 


±9 . 


. ± imaginary. 
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Discussion. From equations (1) and (2) we see that if 
x = Oj y = ± 12, and if y = 0, x = ztS; therefore the inter- 
cepts of the curve on the axis of x are + 8 and — 8, and those 
on the axis of y are +12 and —12. These intercepts are the 
lengths OA, 0A\ and OB, 0B\ in Fig. 13. 

If we assign to a; a numerical value greater than 8, posi- 
tive or negative, we find by substitution in equation (1) that 
the corresponding value of y will be imaginary. This shows 
that OA and OA^ are the maximum abscissas of the curve. 
Similarly, equation (2) shows that the curve has no points 
with ordinates greater than +12 and --12. 

The greater the numerical value of x, between the limits 
and + 8 or and — 8, the less the corresponding value of y 
numerically ; why ? 

From equation (1) we see that corresponding to each 
value of X, between the limits and it 8, there are two real 
values of y, equal numerically and unlike in sign. Hence, for 
each value of a: between and ± 8 there are two points of the 
curve placed equally distant from the axis of x. Therefore 
the curve is symmetrical with respect to the axis of a; ; in 
other words, if the portion of the curve above the axis of x 
be revolved about this axis through 180°, it will coincide with 
the portion below the axis. Similarly, it follows from equa- 
tion (2) that the curve is also symmetrical with respect to 
the axis of y. Therefore the entire curve is a closed curve, 
consisting of four equal quadrantal arcs symmetrically placed 
about the origin 0. The name of this curve is the EUipse. 

V 83. Construct the locus of the equation 
4a;-y' + 16 = 0. 

Solving for both x and y, we obtain 

(1) 

(2) 
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We may either assign values to x^ and then compate those 
of y by means of (1), or assign values to y, and compute those 
of X by means of (2) ; the second course is better, because 
there is less labor in squaring a number than in extracting 
its square root. 

By assigning values to y, differing by unity from to +10, 
and from to —10, and then proceeding exactly as in the 
last example, we obtain the series of values given below, and 
the curve shown in Fig. 14. 




alnesofy. 








Valnes of x. 


-4. 


±1 . 








- 3.75. 


±2 . 








-3. 


±3 . 








- 1.75. 


±4 . 








0. 


d=5 . 








2.25. 


±6 . 








5. 


±7 . 








8.25. 


±8 . 








12. 


±9 . 








16.25. 


±10 . , 








21. 



Discussion. An examination of equations (1) and (2) 
yields the following results, the reasons for which are left 
as an exercise for the learner : 

The intercepts on the axes are : 

On the axis of x, OA = — 4. 

On the axis of y, 0B = + 4, and 00= - 4. 

If we draw through A the line AD l.to OX, the entire 
curve lies to the right of AD, 

The curve is situated on both sides of OX, and is sym- 
metrical with respect to OX. 

The curve extends towards the right without limit. 
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The curve constantly recedes from OX as it extends 
towards the right. 

This curve is called a Parabola; the point A is called its 
Vertex, the line AX\\a Axis. 

34. Construct the locus of the equation 

y = sina;. \\SX)^y^^^'^ 

If we assume for x the values 0°, 10**, 20**, 30°, etc., the cor- 
responding values of y are the 7j^£i^2A2l£^ sines of these angles, 
and are as follows : 



Values of x. 


Values of y. 


Values of X. 


Values of y. 


C . . 


. . 0. 


50° . . 


. . 0.77. 


10° . . 


. . 0.17. 


60° . . 


. . 0.87. 


20" . , 


. . 0.34. 


70° . . 


. . 0.94. 


30" . . 


. . 0.50. 


80° . . 


. . 0.98. 


40» . . 


. . 0.64. 


90° . . 


. . 1. 



If we continue the values of x from 90° to 180°, the above 
values of y repeat themselves in the inverse order {e.g.^ if 
X = 100°, y = 0.98, etc.) ; from 180° to 360° the values of y 
are numerically the same, and occur in the same order as 
between 0° and 180°, but are negative. 




Hg. 15. 



In order to express both x and y in terms of a common 
linear unit, we ought, in strictness, to use the circular meas- 
ure of an angle in which the linear unit represents an angle 
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of 57.3**, very nearly (see § 5). But it is more convenient, 
and serves our present purpose equally well, to assume that 
an angle of 60** = the linear unit. TJiis assumption is made 
in Fig. 15, where the curve is drawn with one centimeter as 
the linear unit. 

Discussion. The curve passes through the origin, and cuts 
the axis of x at points separated by intervals of 180**. Since 
an angle may have any magnitude, positive or negative, the 
curve extends on both sides of the origin without limit. The 
maximum value of the ordinate is alternately +1 and —1 : 
the former value corresponds to the angle 90**, and repeats 
itself at intervals of 360** ; the latter value corresponds to 
the angle 270**, and repeats itself at intervals of 360**. The 
curve has the form of a wave, and is called the Sinnsoid. 

^^''/\( '^"'^^ Ex.8. 

Construct the loci of the following equations : 

4l. 3a;-y-2 = 0. 13. y»-l=0. 

2. y = 2x. V 14. y=^x', "-■ 

3. a^^y", V> 15. xy = \2. 

4. a;« + y» = 100. V ^^' a; = siny. 
4 5. a;»-y» = 25. ^ 17. y -= 2 mi x. ^^^^l^i 

-6. 4a:»-y» = 0. 

s^ P^l, 4a;* + 93/' =144. 

y) 8. y»-16a; = 0. 

9. y» + 16a; = 0. 

>10. a;*-2a:-10y-5 = 0. 

IL y»-2y-10a: = 0. . 

>12. (^-3)'+(y-2)' = 25. 



U 



a. f . 

18. 


y *J Dili M, '^^ \, 

y = sm zarjyv '. a- • 


19. 


y — cos X, 


20. 


y = tan x. 


>21. 


y = cot X, 


22. 


y = seca?. -^ 


23. 


y = CSC X, 


^ 


y = 8inar + cosa?. 
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Equation of a Curve. 

36. From what precedes, we may conclude that every equa- 
tion involving x and y as variables represents a definite line 
(or group of lines) known as the locus of the equation. 
JKegarded from this point of view, an equation is the state- 
ment in algebraic language of a geometric condition which 
must always be satisfied by a point (or, y), as we imagine it 
ix) move in the plane of the axes. For example, the equation 
x = 2y states the condition that the point must so move that 
- its abscissa shall always be equal to twice its ordinate ; the 
equation a* -f y* = 4 states the condition that the point must 
so move that the sum of the squares of its co-ordinates shall 
always be equal to 4 ; etc. 

Conversely, every geometric condition that a point is 
required to satisfy must confine the point to a definite line 
as its locus, and must lead to an equation that is always 
satisfied by the co-ordinates of the point. 

Hence arises a new problem, and one usually of greater 
diflSculty than any thus far considered, namely : 

Oiven the geometric condition to be satisfied by a point, to 
find the equation of its locus. 

The great importance of this problem lies in the fact that 
in the practical applications of Analytic Geometry the law of 
a moving point is commonly the one thing known to start 
with, so that the first step must consist in finding the equa- 
tion of its locus. 

Ex. 9. 

1. A point moves so that it is always three times as far from 
the axis of a: as from the axis of y. What is the equation of 
its locus? 

2. What is the equation of the locus of a point which moves 
so that its abscissa is always equal to+6? — 6?0? 
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3. What is the equation of the locus of a point which movies 
so that its ordinate is always equal to +4? — 1? 0? 

4. A point so moves that its distance from the straight line 
a; = 3 is always numerically equal to 2. What is the equation 
of its locus ? 

5. A point so moves that its distance from the straight line 
y = 5 is always numerically equal to 3. Find the equation 
of its locus. Construct the locus. 

6. A point moves so that its distance from the straight 
line a: + 4 = is always numerically equal to 5. Find the 
equation of its locus. Construct the locus. 

7. What is the equation of the locus of a point equidistant 

(1) from the parallels x = and a: = — 6 ^ 

(2) ifrom the parallels y = 7 and y = — 3 ? 

8. What is the equation of the locus of a point always 
equidistant from the origin and the point (6, 0) ? 

Find the equation of the locus of a point 
9. Equidistant from the points (4, 0) and (— 2, 0). 

10. Equidistant from the points (0, — 5) and (0, 9). 

11. Equidistant from the points (3, 4) and (6, —2). 

12. Equidistant from the points (5, 0) and (0, 5). 

13. A point moves so that its distance from the origin is 
always equal to 10. Find the equation of its locus. 

14. A point moves so that its distance from the point (4, — 3) 
is always equal to 5. Find the equation of its locus, and con- 
struct it. What kind of curve is it ? Does it pass through 
the origin ? Why ? 

15. What is the equation of the locus of a point whose 
distance from the point (— 4, — 7) is always equal to 8 ? 
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16. 4-^out the origin of co-ordinates as centre, with a radius 
equal to 5, a circle is described. A point outside thi^ circle 
80 moves that its distance from the circumference of the circle 
is always equal to 4. What is the equation of its locus ? 

17. A high rock A, rising out of the water, is 3 miles 
from a perfectly straight shore JBC, A vessel so moves that 
its distance from the rock is always the same as its distance 

. from the shore. What is the equation of its locus ? 

.18. A point A is situated at the distance 6 from the line 
BC,> A moving point P is always equidistant from A and 
-B(7. Find the equation of its locus, 

19. A point moves so that its distance from the axis of a: is 
half its distance from the origin ; find the equation of its locus. 

20. A point moves so that the suln of the squares of its 
distances from the two fixed points (a, 0) and (—a, 0) is the 
constant 2£' ; find the equation of its locus. 

21. A point moves so that the difference of the squares of 
its distances from (a, 0) and (— a, 0) is the constant ^ ; find 
the equation of its locus. 

Ex.10. (Review.) A;(f^ '' ^ 

1. If we should plot all possible points for which ar = ~ 5, 
how would they be situated? 

2. Construct the point (x,7/) i£x = 2 and 

(1) y = 4a?~3, (2) 3a?-2y = 8. 

3. The vertices of a rectangle are the points (a, J), (— a, 6), 
(— a, — i), and (a, — i). Find the lengths of its sides, the 
leng);hs of its diagonals, and show that the vertices are equi- 
distant from the origin. 

4. What does equation [1], p. 6, for the distance between 
two points, become when one of the points is the origin ? 
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5. Express by an equation that the distance of the point 
(x, y) from the point (4, 6) is equal to 8. 

6. Express that the point (or, y) is equidistant from the 
points (2, 3) and (4, 6). 

7. Find the point equidistant from the points (2, 3), (4, 5), 
and (6, 1). What is the common distance ? 

8. Prove that the diagonals of a rectangle are equal. 

9. Prove that the diagonals of a parallelogram mutually 
bisect each other. 

10. The co-ordinates of three vertices of a parallelogram 
are known : (5, 3), (7, 10), (13, 9). What are the co-ordi- 
nates of the remaining vertex ? 

11. The co-ordinatea of the vertices of a triangle are (3, 5), 
(7, — 9), (2, — 4). Find the co-ordinates of the middle points 
of its sides. 

^^2. The centre of gravity of a triangle is situated -on the 
line joining any vertex to the middle point of the opposite 
side, at the point of trisection nearest that side. Find the 
centre of gravity of the triangle whose vertices are the points 
(2, 3), (4,-5), (-3. -6). 

-13. The vertices of a triangle are (5, -3), (7, 9), (-9, 6). 
Find the distance from its centre of gravity to the origin. 

14. The vertices of a quadrilateral are (0, 0), (6, 0), (9, 11), 
(0, 3). Find the co-ordinates of the intersection of the two 
straight lines which join the middle points of its opposite sides. . 

15. Prove that the two straight lines which join the middle 
points of the opposite sides of any quadrilateral mutually 
bisect each other. 

'\ ,^* ' 16. A line is divided into three equal parts. One end of 
^ the line is the point (3, 8) ; the adjacent point of division is 

(4, 13). What are the co-ordinates of the other end ? 
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17. The line joining the points (xi, y^ and (a:,, yO is divided 
info four equal parts. Find the co-ordinates of the points of 
division. 

18. Explain and illustrate the relation which exists between 
an equation and its locus, 

19. Construct the two lines which form the locus of the 
equation a:*— 7a: = 0. 

20. Is the point (2, —5) in the locus of the equation 
4a^-9y' = 36? 

21. The ordinate of a certain point in the locus of the 
equation 3;* + ^* + 20 a; — 70 = is 1. What is the abscissa 
of this point ? 

22. Find the intercepts of the curve 3;*+^* — bx—ly +6=0. 

Find the points common to the curves : 

23. a;» + y« = 100, and y»-^ = 0. 

24. a:* + y* = 5a', anda;' = 4ay. 

26. i V + ay = a^b\ and a:* + y» = a\ 

26. Find the lengths of the sides of a triangle, if its ver- 
tices are (6, 0), (0, -8), (-4, -2). 

27. A point moves so that it is always six times as far from 
one of two fixed perpendicular lines as from the other. Find 
the equation of its locus. 

28. A point so moves that its distance from the fixed 
point A is always double its distance from the fixed line AB, 
Find the equation of its locus. 

29. A fixed point is at the distance a from a fixed straight 
line. A point so moves that its distance from the fixed point 
is always twice its distance from the fixed line. Find the 
equation of its locus. y^ 

C l^''\ ' : ■ 



CHAPTER II. 

THE STRAIGHT LINE. 

Equations of the Straight Line. 

86. Notation. Throughout this chapter, and generally in 
equations of straight lines, 

a = the intercept on the axis of a?. 
b = the intercept on the axis of y. 
y = the angle between the axis of x and the line, 
m = tan y. 

p = the perpendicular from the origin to the line, 
a = the angle between the axis of x and p. 

These six quantities are general constarUs ; a, 5, and m may 
have any values from — oo to + oo ; jt?, any value from to 
+ 00 ; y, any value from 0** to 180** ; a, any value from 0** to 
360^ 

The constant m is often called the Slope of the line ; its 
value determines the direction of the line. 

In order to determine a straight line, two geometric con- 
ditions must be given. 

37. To find the equation of a straigJd line passing through 
two given points {xi, y^ and {x^, y,). 

Let A (Fig. 16) be the point {xi, yi), B the point (a:,, y,) ; 
and let P be any other point of the line drawn through A 
and B, x and y its co-ordinates. Draw -4(7, BD, PM, II to 
or, and ^.E^ II to OX 
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The triangles APF, ABE are similar ; therefore 

PF_BE 
AF 'AE 

'NovrPF=y-yi, AF=x—Xi, BE=y,—yi, AE=Xt-Xi. 
Therefore |£||=g^. [4] 





Rg. 16. 



Fig. 17. 



It is evident that the angle FAF = y. Therefore each 
side of equation [4] is equal to tan y or m. The first side 
contains the two variables x and y, and the equation tells us 

that they must vary in such a way that the fraction ^ — ^ 

X — Xi 

shall remain constant in value, and always equal to m. 

Note. In Fig. 16 the points A, B, and P are asdnmed in the first 
quadrant in order to avoid negative quantities. But the reasoning will 
lead to equation [4] whatever be the positions of these points. In 
Fig. 17 the points are in different quadrants. The triangles APF, 
ABE are to be constructed as shown in the figure. They are 
similar; and by taking proper account of the algebraic signs of the 
quantities, we arrive at equation [4], as before. The learner should 
study this case with care, and should study other cases devised by him- 
self, till he is convinced that equation [4] is perfectly general. 
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88. To find the equation of a straight line, given one point 
(j^h Vi) *^ ^^ ^^'^ <*^ ^^ slope m. 

Let the figure be constructed like Fig. 16, omitting the 
point B and the line BED. Then it is evident that 



whence, 



m 



y 



AF x — xi' 



. Vi = mC» — 35,). ^ -^(^-Y^ [5] 



--i* 





Fig. 18. 



Rg. 19. 



89. To find the equation of a straight line, given the intercept 
h and the angle y. 

Let the line cut the axes in the points A and B (Fig. 18). 
Let P be any point (ar, y) in the line. Draw PM II to F, 
and BC II to OX. 

Then OP = 6, FBC=y, BC=x, FO=y-h; 

therefore '**' == ' 

whence 



m: 



y = ftia? + 6. 






[6] 



40. To find the equation of a straight line, given its intercepts 
a andb. 

Let the line cut the axes in the points A and B (Fig. 19), 
and let F be any other point (a?, y) in the line. Then OA = a, 
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OB = h. Draw PM Jl to OX. The triangles PMA, BOA 
are similar ; therefore 

Pl£ MA OA-OM 



BO OA 



OA 



or 



whence 



y_a — ar_- x 
h a o* 

^ + 1=1. o^^t^ 



^ 



ah^" 



.>' 



.t'-^- 



This is called the Symmetrical Eqiiation of the straight line. 

41. To find the eqitation of a straight line^ given its distance 
p from the origin^ and the angle a. 




Fig. 20. 

Let AB (Fig. 20) be the line, P any point in it. Draw 
08 \L to AB, meeting AB in S\ PM JL to 0X\ MR II to 
AB, meeting OSmR] and PQ JL to AB, 

Then p = 08= 0R+ QP, a = X08 = PMQ, 

By Trigonometry 

OR = OJfcos a = a? cos o, 
QP = PJf sin o = y sin a. 
Therefore OR + QP=p = a; cos a + y sin a. 

Or ajcosa + y 8ina=p, 'H^' ^* ** " [8] 

This is called the ITormal Equation of the straight line. 

The coefficients cos a and sin a determine the direction of 
the line, and p its distance from the origin. 
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Note. Observe that all the equatioiui of the straight line which have 
been obtained are of the first degree. Their differences in form are due 
to the constants which enter them. The form of each, and the significa- 
tion of its constants, shotdd be thoroughly fixed in mind. 

Ex. 11. 

Find the equation of the straight line passing through the 
two points : 

,,x^l. (2, 3) and (4, 5). 7. (2, 5) and (0, 7). 

2. (4, 5) and (7, 11). 8. (3, 4) and (0, 0). 

^^ 3. (-1, 2) and (3,-2). 9. (3, 0) and (0, 0). 

4. (-2,-2)and(-3,«--3). 10. (3, 4) and (- 2, 4). 

- 5. (4, 0) and (2, 3). 11. (2, 5) and (- 2, - 6). 

6. (0,2) and (-3,0). J2. (m, n) and (-m, — n). 

£ijid the equation of a straight line, given : 
^13. (4, 1) and y = 45^ 29. 6 = - 4, y = 120*. 

' 14. (2, 7) and y = 60^ .30. i = - 4, y = 136**. 



'/ 15. (-3, 11) and y= 45°. -31. i = -4,y=15(y. 

n)^' 16. (13,-4)andy = 150». jJ2. 6 = -4,y = 180». 

"^" 17. (3, 0)andy = 30». > 33. a =4, 6 = 3. 

jA 18. (0, 3) and y = 135»/^" <K 34. o = - 6, i = 2. 

O- 19. (0, 0)andy = 120». 7^35. o = -3,i=-3. 

20. (2,-3)andy = 0°. ^36. a = 5, 6=-3. 

^_2J. (2,-3)andy = 90». —37. a = -10, J = 5. 

_.22. J = 2andy = 45». .'V®^- a=l. *=-!• , 

^ 23. J = 5,y=45». py.S9. a=n,h^—nj \ 

J< ^-24. J = -4,y=45». A/w/'40. a=n,h = 4nj X\ 

yf 25. i = -4,y=30». / 41. i> = 5,a=45». .(&/ 

V v^- 26. S = -4,y=0». ^ 42. i>=6.o = 120».^ "^ 

jT^ 27. J = -4,y=60». J\ 43. j9 = 5,o=240". 

w 28. J=-4,y = 9(f. (/ 44. ;> = 5,a = 300y 



/ 
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Write the equations of the sides of a triangle : 

45. If its vertices are the points (2, 1), (3,-2), (—4,-1). 

46. If its vertices are the points (2, 3), (4, -- 5), (-3, —6). 

47. Form the equations of the medians of the triangle 
r^ described in Ex. 46. 

48. The vertices of a quadrilateral are (0, 0), (1, 6), (7, 0), . 
(4,-9). Form the equations of its sides, and also of its ^^ ^ 
diagonals. ^w^^^ ^ 

Find the equation of a straight line, given : /i^ > \ ' 

Xo, 49. a=7i,y = 30^ C> 61. p = 6, y => 45^ -"^ 

60. a= -3, (51,^018(2,5). 52. jo = 6, y = 135°. 

Reduce the following equations to the symmetrical form, 
and construct each by its intercepts : 

63, 3ar-2y+ 11 = and y=7rr + l. 

O 54. 3a:+5y— 13 = and 4a:-y-2 = 0. 

0-^6. Reduce Ax-{-By=0 to the symmetrical form; also 
y = mx + h. What are the values of a and b in terms of -4, 
J5, (7, andm? 

Reduce the following equations to the form y = 7nx-\-b, 
and construct each by its slope, and intercept on the axis 
ofy: 

056. y + lZ = bx and y + 19 = 7a:. 
067. 3a:+y + 2 = 0and 22/ = 3ar+6. 
Q— 58. Reduce Ax + By^C \x} the form y = mx+h] also 

-+ ?= 1. What are the values of m and b in terms of A, B, 

a o 

C7, anda? 

-* 69. Find the vertices of the triangle whose sides are the 
lines 2a; + 9y+ 17 = 0, y = 7rr-38, 2y — a:=2. 
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.Ql 60. Find the equation of the straight line passing through 
the origin and the intersection of the lines Sz — 2y-\-^ = 
and 3a: + 4y = 5. Also find the distance between these two 
points. 

O^ 61. What is the equation of the line passing through (xuyi), 
and equally inclined to the two axes ? 

^ 62. Find the equations of the diagonals of the parallelo- 
gram formed by the lines ar = a, a; = i, y = (?, y = df. 

63. Show that the lines y = 2a: + 3, y = 3a:+4, y = 4ar + 5 
all pass through one point. 

Find the intersection of two of the lines, and then see if its co-ordi- 
nates will satisfy the equation of the remaining line. 

-^ 64. The vertices of a triangle are (0, 0), (rri, 0), (a:,, y,). 
Find the equations of its medians, and prove that they meet 
in one point. 

65. What must be the value of m if the line y = mx passes 
through the point (1, 4)? 

0^ 66. The line y — mx+S passes through the intersection of 
the lines y = rr + 1 and y = 2a; + 2. Determine the value of m. 

67. Find the value of b if the line y = 6a; + i passes through 
the point (2, 3). 

-^ 68. What condition must be satisfied if the points (xi, yi), 
(^», y»)» (^«» ys) ^^® ^^ ^^® straight line ? 

Hint. Let equation [4] represent the line through {x^ y^) and 
(x,, y,) ; then (ajj, y,) must satisfy it. 

^^^ 69. Discuss equation [5] for the following cases : (i.) (xi, y^ 
is (0, 0), (ii.) m = 0, (iii.) m = oo. 

^^ 70. Discuss equation [6] for the following cases : (i.) J = 0, 
(ii.) m = 0, (iii.) m = oo, (iv.) m = 0, and J = 0. 

71. Discuss equation [7] for the following cases : (i.) a = 5, 
(ii.) a = 0, (iii.) a = oo, (iv.) J = oo. 
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General Equation of the First Deqeeb. 

42. If any point P{xi^ yi) be connected with the origin ; 

then -^ = cos XOP, ^= sin XOP, and 0P= V^iH^'. 

Hence, if any two real qitantities be each divided by the 
square root of the sum of their squares, the quotients are the 
cosine and sine of some angle. 

43. The locus of every equ>ation of the first degree in X and y 
is a straight line. 

Any simple equation in x and y can be reduced to the 
form 

Ax + By = C, [9] 

in which C is positive or zero. 

Dividing both members of [9] by V3*+5*, we obtain 

, ^ .4 — ^g— .= , ^ . (1) 

v:^^\^ v^mts* va^t^ 

Now, by § 42, the coefficients of x and y in (1) are a set of 
values of cos a and' sij a, and the second member, being posi- 
tive, is some value of p (§ 41). Hence (1) is in the normal form, 
and its locus is some straight line. Whence the proposition. 

CoE. 1. To reduce any simple equation to the normal form, 
put it in the form of [9], and divide both members by the 
square root of the sum of the squares of the coefficients of x 
and y. 

Cor. 2. To construct (1), locate the point (Ay P), connect 
it with the origin, and on this line lay off 08 equal to the sec- 
ond member of (1) ; the perpendicular to OS through S is the 
locus of (1), or [9]. 

44. The locus of an equation of the first degree in x and y 
is called a Loons of the First Order. 
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Ex. 12. 

Reduce the following equations to the normal form, and thus 
determine p, or the distance of each locus from the origin : 

1. 3a;-2y + ll = 0. 5. y + 13 = 5ar. ,^^v^ 

2. 3a: + 5y-13 = 0. 6. i/+l9 = 7x, <' A/^"^ ^'^f 

3. 4ar~y--2 = 0. ^ 7. 6a: + cy + w = 0.V ^M^ 

4. 2a: + 3y=7. -^8. %iy + ca: - r = 0. iv^ 

Reduce the following equations to one of the forms [6], [7], 
[8], and determine by the signs of the constants which of the 
four quadrantseach locus crosses : 

9. y^kx-^r^^^'^^ "^h^. 5a: + 4y-20 = 0. 

10. 3ar + 2 = 2y. 16. y = 6a:+12. 

11. 4y = 5a; — 1. 16. y + 2 = a?-4. 

-12. 4y = 3ar + 24. 17. a?+V3y + 10 = a^ 

13. 5a; + 3y + 15 = 0. J8. ar-V3y-10 = 0. 
— 19. Discuss equation [9] for the following cases : 

(i.) ^ = 0. (iv.) ^ = 00. ^vii.) ^ = ^, C= 0. 
(ii.) ^ = 0. (v.) ^ = C= 0. (viii.) ^ = - A (7= 0. 
(iii.) C=0. (vi.) ^ = ^. 

20. Reduce equation [7] to the form of equation [6], and 
find the value of m in terms of a and h, 

21. What value must C have in order that the line 
^z — 5i/=0 may pass through the origin ? Through (2, 0) ? 

^ 22. Determine the values of A, B, and (7, so that the line 
Ax-^- By = C may pass through (3, 0) and (0,-12). 

Since the co-ordinates of the given points must satisfy the equation, 
we have the two relations 3 ^ = C and — 12 J? — (7. 

23. From [9] deduce [4] by the method used in No. 22. 
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-^24. If equations [4] and [9] represent the same line, what 
are the values of A, B, C;m terms of Xi^ y^, a?2, and y% ? 

^0^ 25. In equation [4] find the values of m and i in terms of 
a^i, yi, ar„ y,. 

j^ Angles. 

f 45. To find the angle formed by the lines y = mx + 6, and 
y = m'x + i'. 

Let AJB and CD (Fig. 21) represent the two lines respec- 
tively, meeting in the point P. 

Let the angle AFC= <^ ; then, by Geometry, 4> = y — y\ 
Whence, by Trigonometry, 



This equation determines the value of <^. 
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Fig. 21. 



Fig. 22. 



Cor. 1. If the lines are parallel, tan ^ = ; hence, m=m\ 
Conversely, if m = m', ^ = 0, and the lines are parallel. 
Cor. 2. If the lines are perpendicular, tan ^ = oo ; hence, 

1 + mrnf = 0, or m' = . Conversely, if 1 + mm' = 0, 



m 



^ = 90®, and the lines are perpendicular. 
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46. To find the equations of a gtraigkt line passing through 
the point {xi, t/i) and (i.) parallel, (ii.) perpendicular, to the 
line y = ma; + 6. 

The slope of the required line is m in case (i.), and 

m 

in case (ii.) ; and in both cases the line passes through a given 

point (a?!, yi). 

Therefore (§ 38) the ret^uired equations are 

(i)y-yi = ^(^-^i)v 

(2)y-yi = -i(a;-a;0. 
m 

Ex. 13. 
Find the equation of the straight line 

1. Passing through (3, — 7), and II to the line y = 3ar — 5. 

2. Passing through (5, 3), and II to the line ^y — \x= 1. 

3. Passing through (0, 0), and II to the line y — 4a; = 10. 

4. Passing through (5, 8), and II to the axis oix, 

5. Passing through (5, 8), and II to the axis of y. 

6. Passing through (3, — 13), and ± to the line y = 4a: — 7. 

7. Passing through (2, 9), and ± to the line 7y+23a;~5 =0. 

8. Passing through (0, 0), and ± to the line a; + 2y = 1. 

9. Perpendicular to the line 5a; — 7y + 1 = 0, and erected 
at the point whose abscissa = 1. ^ 

47. To find the equation of a straight line passing throv^^h 
a given point (xi, yi), and mahing a given angle ^ with a given 
line y = mx + b. 

Let the required equation be 

y-yi = w'(a;~ari), 
where m! is not yet determined. 
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Since the required line may lie either as FQ or PS 
(Fig. 22), we shall have (§ 45), 

Un<l> = -^SLz^ or ^-^' 



1 + mm' 1 + mm' 

Hence ^r^ mdztan^^ 

1 =¥m tan ^ 

and the required equation is 

and (as Fig. 22 shows) there are in general two straight lines 
satisfying the given conditions. 

£x. 14. 

1. Find the angle formed by the lines a;+2y+l = 0^ and 
a:~3y-4 = 0. 

The two slopes are — } and }. If we put m — — }, m' « J, we obtain 
tan ^ » — 1, ^ « 135°. If we put m =» J, m^ « - J, we get tan ^ = 1, 
p XI 45°. Show that both these results are correct. 

Find the tangent of the angle formed by the lines 

2. 3a;-4y = 7 and 2x — y = S. 

3. 2a: + 3y + 4 = and 3a; + 4y + 5 = 0. 

4. y — wa: = l and 2(y — 1) = 7m?. 

Find the angle formed by the lines 

5. x + y = l and y = a; + 4. 

6. y + 3 = 2ar and y + 3a: = 2. 

7. 2a?+3y + 7 = and 3a:-2y + 4 = 0. 
>-- 8. 6ar = 2y + 3 and y-3ar = 10. 

- 9. a; + 3 = and y — V3ar + 4 = 0. 
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10. Discuss equation [11] for the cases where ^ = 0* and 
<^ = 90^ 

Note. The learner should try to solve the next five exercises directly, 
without using equation [11] ; then verify the result by means of [11]. 

Find the equation of a straight line 

11. Passing through the point (3, 6), and making the angle ^ 
'Is^ with the line 2a; - 3y + 5 = 0. 

12. Passing through the point (— 2, 1), and making the 
angle 45^ with the line 2y = 6 — 3a;. 

./' 13. Passing through that point of the line y = 2a: — 1 for 
which a; = 2, and making the angle 30"* with the same line. 

14. Passing through (1, 3), and making the angle 30® with 
the line a;-2y + l=0. 

15. Prove that the lines represented by the equations 

Ax + By + C==0, A'x+B'y + C' = 
are parallel if AB^ = A^B ; perpendicular, if AA^ = — BB\ 

16. Given the equation 3a; + 4y+6 = 0; show that the 
general equations representing (i.) all parallels and (ii.) all 
perpendiculars to the given line are 

(i.) ^x + ^y + K^O. 
(ii.) 4a;-3y + Jr=0. 

17. Deduce the following equations for lines passing 
through (xi.yi) and (i.) parallel, (ii.) perpendicular, to the 
line y = mx + b, * 

(i.) y — ma; = yi — -mari. 
(ii.) my + x^myi + Xi. 

18. Write the equations of 3 lines parallel, and 3 lines per- 
pendicular, to the line 2a; + 3y + l = 0. 

/ / 



THB 8TBAIGHT LINE. 49 

19. Among the following lines select parallel lines ; per- 
pendicular lines ; lines neither parallel nor perpendicular : 
(i.) 2a; + 3y-l = 0. (v.) a?-y = 2. 

(ii.) 3a?-2y = 20. (vi.) 5(a; + y)-ll=:0. 

(iii.) 4a; + 6y = 0. (vii.) a: = 8. 

(iv.) 12a? = 8y + 7. (viii.) y + 10 = 0. 

-— 20. Prove that the angle ^, between the lines 

Ax + :B7/ + C = and A'x + £y+O^ = 0, 

is determined by the equation 

, ^ A'B-AB' 

tan Q = • 

^ AA' + ££' 

.--^ 21. From the preceding equation deduce the conditions of 
parallel lines and perpendicular lines given in No. 15. 

Find the equation of a straight line 

22. Parallel to2ar + 3y + 6 = 0, and passing through (5, 7). 

23. Parallel to 2a; + y — 1 = 0, and passing through the 
intersection of 3a; + 2y — 59 = and 5 a? — 7y + 6 = 0. 

/^24. Parallel to the line joining (—2, 7) and (~4, — 5), 
and passing through (5, 3). 

, -25. Parallel to y = 7nx+b, and at a distance d from the 

origin. 

^^ 26. Perpendicular to Ax + By + C= 0, and cutting an in- 
tercept b on the axis of y. 

X 1/ 

—27. Perpendicular to - + t = 1, and passing through (a, h), 

X t/ 
^,28. Making the angle 45° with - + t = 1, and passing 

through (a, 0). 

29. Show that the triangle whose vertices are the points 
(2, 1), (3, - 2), (- 4. -1) is a right triangle. 

^ • ' '- 
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80. The vertices of a triangle are (—1,-1), (—8,6), 
(7, 11). Find the equations of its altitudes. Prove thai 
the altitudes meet in one point. 

31. Find the equation of the perpendicular erected at the 
middle point of the line joining (5, 2) to the intersection of 
a; + 2y — 11 = and 9a?— 2y — 59 = 0. 

32. Find the equations of the perpendiculars erected at the 
middle points of the sides of the triangle whose vertices are 
(5, —7), (1, 11), (—4, 13). Prove that these perpendiculars 

(^/ meet in one point. 

ii 33. The equations of the sides of a triangle are 

x + i/+l=0, 3a;+5y + ll=0. a: + 2y + 4 = 0. 
Find (i.) the equations of the perpendiculars erected at the 
middle points of the sides ; (ii.) the co-ordinatea of their com- 
mon point of intersection ; (iii.) the distance of this point from 
the vertices of the triangle. 

34. Show that the straight line passing through (a, b) and 
({?, d) is perpendicular to the straight line passing through 
(i, — a) and (df, — c). 

35. What is the equation of a straight line passing through 
(^i» yOi and making an angle ^ with the line J.a?+-5y+C=0? 

Distances. 

48. Mnd the disiance from the point (— 4, 1) to the line 
3a;-4y + l = 0. Ant. 3. 

The required distance is the length of the perpendicular let 
fall from the given point to the given line. The first method 
that occurs for solving the problem is to form the equation of 
this perpendicular, find its intersection with the given line, 
and then compute the distance from this intersection to the 
given point. 

Let this method be followed in solving the above problem 
and the first five problems of Ez. 15. 



THE STRAIGHT LINE. 51 

# 

48. To find the distance from the point (xi, y^ to the line 

re cos o + y sin a =p. 
Let the line ar cos a + y sin a =^', (1) 

which is evidently parallel to the given line, pass through the 
given point {Xi, y^\ then we have 

Xi cos o + yi sin o =p\ 
Therefore x^ cos o + yi sin a — ^^ =^' — ^. 

But p* —p equals numerically the required distance. Hence 
the distance from the point (ari, yi) to the line a; cos a + y sin a —p 
is obtained by substituting Xi for x and yi for y in the expres- 
sion a: cos a + y sin a—p. 

Cor. 1. The distance as given by the formula will evi- 
dently be positive or negative according as the point and origin 
are on opposite sides of the line, or on the same side. 
GoR. 2. If the equation of the line be 
Ax+£y = C, 
and d denote the distance from (xiy y^ to the line ; then, evi- 
dently, 

a^Ax, +Byy^:^ ^ [121 

y/A^ + B^ 

Hence, to find the distance from the point {xi, y^ to the line 
Ax + By = C, write Xi for x, and y^ for y in the expression 
Ax + By — C, and divide the result by -y/A^ + B^. 

For example, let (—1, 3) be the point, and 2x + ^ = Zy 
the equation of the line. 

Putting this in the form of [9], we have 
— 2rr + 3y = 4. 

Whence ._-2(--l) + 3x3-4_ ^^ 

V(-2)' + 3' " 

Hence tlie point and origin are on opposite sides of the line. 
If onlj the length oidha sought, its sign may be neglected. 
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Ex. 15. 

1. Find the distance from (1, 13) to the line 3a;=y— 5. 

2. Find the distance from (8, 4) to the line y = 2ar— 16. 

3. Find the distance from the origin to the line 3a;+4y=20. 

4. Find the distance from (2, 3) to the line 2a; + y — 4 = 0. 
6. Find the distance from (3, 3) to the line y = 4x — 9. 

6. Prove that the distance from the point (Xi, y^ to the line 

the upper or lower sign^bging used according as i is positive 
or negative. Express this result in the form of a rule for 
practice. 

y^ 7. Find the distances from the line 3ar + 4y + 16 = to 
the following points : (3, 0), (3, - 1), (3, - 2), (3, - 3), (3, - 4). 
(3, -5), (3.-6), (3, -7), (0, 0), (-1. 0), (-2, 0), (-3. 0). 
(-4,0), (-5,0), (-6,0). 



8. Find the distances from (1, 3) to the following lines : 
3a; + 4y+15 = 0. 3a; + 4y- 5 = 0. 

3a; + 4y + 10 = 0. 3ar + 4y-10 = 0. 

3ar + 4y+ 5 = 0. 3ar + 4y-15 = 0. 

3a: + 4y =0. 3a; + 4y-20 = 0. 

Find the following distances : 

9. From the point (2, — 5) to the line y — 3a; = 7. 

10. From the point (4, 5) to the line 4y + 5a? = 20. 

11. From the point (2, 3) to the line a; + y = 1. 

12. From the point (0, 1) to the line 3a; — 3y = 1. 

13. From the point (—1, 3) to the line 3 a; + 4y + 2 = 0. 
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14. From the origin to the line 3a? + 2y — 6 = 0. 

'" 15. From the point (2,-7) to the line joining (—4, 1) and 
(3. 2). 

16. From the line i/ = *Ix to the intersection of the lines 
y=3a? — 4 and y = 5a? + 2. 

17. From the origin to the line a(x — a) + 5(y — ^) = 0. 

18. From the points (a, b) and (— a, — ^) to the line 

19. From the point (a, b) to the line ax + by==0. 

20. From the point (A, k) to the line Ax+By + = I>. 

Find the distance between the two parallels : 
^- 21. 3a? + 4y + 15 = and 3ar + 4y + 5 = 0. 

22, 8a? + 4y+15 = and 3ar + 4y--5 = 0. 

23. Ax+ Bi/=C And Ax + Bi/=C'. 
^P^. ^ + .By=(7and-^a;-^y = C7', 

25. y = 5a: — 7 and y = 5a; + 3. 

^ 26. ^ + 1=2 and - + | = o- :^^;— 5 ^ T:^ 

27. Show that the locus of a point which is equidistant 
from the lines 3a? + 4y — 12 = and 4a: + 3y — 24 = con- 
sists of two straight lines. Find their equations, and draw a 
figure representing the four lines. 

' 28. Show that the locus of a point which so moves that 
the sum of its distances from two given straight lines is con- 
stant is a straight line. 
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Areas. 
60. To find the area of a triangle, having given its vertieea. 
Solution I. Let FQE (Fig. 23) be the given triangle, and 
let the vertices of FQH be (xi, yi), (a:,, y,), (a:,, y,), respectively. 
Drop the perpendiculars FM, QN, EL ; then 
area FQB = FQNM+ RLNQ - Pifi J2. 
By Greometry, 

FQNM= \NM{MP+ NQ) 
= i(ari-a?,)(yi+y,). , 
Similarly, 

RLNQ = i(ar, -a;,)(y,+y,X 

PJlfiii>= i(a;i -a:,)(y,+yO. 

Substituting these values, we have 

area FQR = | [(a:i — a?,) (y, + yO 

+ (ar, -- a?,)(yj +y«)- (^i — a:s)(ys + yO] 

... area = } [an (y, — y,) + «» (Vi ~ Vi) + »8 iVi — y,)]. [13] 

Solution II. Since the area of a triangle is equal to one- 
half the product of its base and its altitude, this problem may 
be solved as follows : 

(i.) Find the length of either side as base. 

(ii.) Find the equation of the base, 
(iii.) Find the distance of the base from the opposite' vertex. 

(iv.) Multiply this distance by one-half the base. 

Ex. 16. 
Find the area of the triangle whose vertices are the points : 

1. (0, 0), (1, 2), (2, 1). 3. (2, 3), (4, -5). (-3, -6). 

2. (3, 4). (-3, -4), (0, 4). 4. (8. 3). (-2, 3), (4, -5). 

^^5. (a.O),(-a,0),(0,J). 
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6. Compare the formula for the area of a triangle with the 
result obtained by solving No. 68, p. 42. What, then, is the 
geometric meaning of that result ? 

Fin(Lthe area of the figure having for vertices the points: 

^ (3, 5), (7, 11), (9, 1). 

8. (3, -2), (5, 4), (-7, 3). 

^9. (-1,2), (4,4), (6,-3). 

^10. (0, 0), (a?x, y,l (a?„ y,)- 

<11. (2^-5), (2,8), (-2,-5). 

^12. (10,5), (-2,5), (-5,-3), (7,-3). 

13. (0, 0), (5, 0), (9, 11), (0, 3). 

14. (a,l), (0, i), ((?, 1). 
^6. (a, 6), (i, a), (c, c), 

16. (a, 6), (J, a), (c,-(?). 

^X^17. Find the angles and the area of the triangle whose 
vertices are (3, 0), (0, 3V3), (6, 3 V3). 

What is the area contained by the lines 

18. ar = 0, y = 0,. 5ar + 4y = 20? 

-19. x-ty = l, a:-y = 0, y = 0? 

20. ar + 2y = 5, 2a; + y = 7, y = a: + l? 

'21. ar + y = 0, a: = y, y=3a? 

22. y = 3a;, y = 7a;, y=(?? 

. 23. a? = 0, y = 0, a;-4 = 0, y + 6==0? 

24. 3a:+y + 4 = 0, 3ar— 5y + 34==,0, 3ar-2y + l=0? 

^^^25. a?-5y + 13 = 0, 5ar + 7y + l = 0, 3a: + y-9 = 0? 

26. a: — y = 0, a? + y = 0, x — y^a, a: + y = i? 
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Find the area contained by the lines : 

27. a; = 0, y = 0, y = mx + b. 

28. x = 0, y = 0, - + | = 1. 

a 

30. y = 3a; — 9, y = 3a: + 5, 2y = a; — 6, 2y = a:4-14. 

^31. What is the area of the triangle formed by drawing 
straight lines from the point (2, 11) to the points in the line 
y == 5a; — 6 for which a; — 4. a; = 7 ? 

Ex. 17. (Review.) 

1. Deduce equation [7], p. 39, from equation [6], 

2. The equation y = ma? + J is not so general as the equa- 
tion Ax + By + C=Oy because it cannot represent a line-^ « 
parallel to the axis of y. Explain more fully. ^^^^^^jf^ * 

Determine for the following lines the values of a, J, y, p^ and a : /^, 

3. .=^. ^•-•r;':;:^^r¥6:^:+v3y=2. .r^v^^^>f ;?^ 

4, rr = y. ""^"^^^^^r^-^^^^^ 7. ar~ V3y = 2. i.. --JJ^'V"^ ' 

5. y + l = V3(a; + 2). O 8. V3a;-y = 2. / ;/ 

c> 9. Find the equations of the diagonals of the figure foriiied 
by the lines 3a: — y + 9 = 0, 3a; = y — 1, 5a:-^3y = 18, 
5ar + 3y = 2. What kind of quadrilateral is it? Why? 

^ 10. Find the distance between the parallels 9a: = y + l 
and 9a; = y — 7. 

11. The vertices of a quadrilateral are (3, 12), (7, 9), 
(2, — 3), (— 2, 0). Find the equations of its sides and its area. 

12. The vertices of a quadrilateral are (6, — 4), (4, 4), 
(~4, 2), (—8, —6). Prove that the lines joining the middle 
points of adjacent sides form a parallelogram. Find the area 
of this parallelogram. 
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Find the equation of a line passing through (3, 4), and also 

13. Perpendicular to the axis of a;. 

14. Making the angle 45** with the axis of x, 

15. Parallel to the line 5a? + 6y + 8 = 0. ' 

16. Intercepting on the axis of y the distance — 10. 

^17. Passing through the point half way between (1, --4) 
and (-5, 4). 

18. Perpendicular to the line joining (3, 4) and (—1, 0), 

Find the equations of the following lines : 

C?19. A line parallel to the line joining {xx,y^ and (a:„y,), 
and passing through {x^, ys). 

20. The lines passing through (8, 3), (4, 3), (— 5, — 2). 

21. A line passing through the intersection of the lines 
2a: + 5y + 8 = and 3a: — 4y — 7=0, and ± to the latter 
line. 

22. A line ± to the line 4 a: — y = 0, and passing through 
that point of the given line whose abscissa is 2. 

^ 23.. A line II to the line 3ar + 4y = 0, and passing through 
the intersection of the lines a;— 2y— a=0 and a;+3y— 2a=0. 

^ 24. .A line through (4, 3), such that the given point bisects 
the portion contained between the axes. 

O 25. A line through (arj, yi), such that the given point bisects 
the portion contained between the axes. 

^ 26. A line through (4, 3), and forming with the axes in the 
second quadrant a triangle whose area is 8. 

27. A line through (4, 3), and forming with the axes in the 
fourth quadrant a triangle whose area is 8. 

^ 28. A line through (—4, 3), such that the portion betWfeen 
the azea is divided by the given point in the ratio 5 : 3. 
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O 29. A line dividing the distance between (—3, 7) and 
(5, — 4) in t^ie ratio 4 : 7, and ± to the line joining these 
points. 

^ 30. The two lines through (3, 5) making the angle 45® with 
the line 2a?— 3y~7=0. 

^ 31. The two lines through (7, — 5) which make the angle 
45** with the line 6a: — 2y + 3 = 0. 

32.. The line making the angle 45^ with the line joining 
(7, — 1) and (— 3, 5), and intercepting the distance 5 on the 
axis of X. 

33. The two lines which pass through the origin and tri- 
sect the portion of the line a? + y = l included between the 
axes. 

34. The two lines II to the line 4a? + 5y + ll = 0, at the 
distance 3 from it. 

35. The bisectors of the angles contained between the lines 
y = 2a? + 4, -y = 3a: + 6. 

HiKT. Every point in the bisector of an angle is equidistant from 
the Bides of the angle. 

^ 36. The bisectors of the angles contained between the lines 
. 2a?-5y = 0, 4a: + 3y = 12. '^\ • ^' - 3 . v ^-'\ . 

37. The two lines which pass through (3, 12), and whose 
distance from (7, 2) is equal to V58. 

38. The two lines which pass through (—2, 5), and are 
each equidistant from (3, — 7) and (— 4, 1). 

Find the angle contained between the lines : 

39. y+3 = 2a? and y+ 357 = 2. 

40. y = 5rc — 7 and 5y + a:— 3 = 0. 
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Find the distance : 

41. From the intersection of the lines 3a?+2y + 4 = 0, 
2ar + 5y + 8 = to the line y = 5a? + 6. 

y 42. From the point (A, A) to the line - + | = 1. 

>^3. From the origin to the line hx-{-Jcy = (?, 

44. From the point (a, 0) to the line y = mx -\ — • 
■*■ m 

fy Find the area included hetween the following lines : 

45. a: = y, ^+y = 0, a? = c. 

46. X'\-y = Jc, 2x-=y + l, 2y = X'\-h 

^^47. ^ + 1 = 1, y = 2x + h, x = 2y + a. 

48. y = 4ar + 7 and the lines which join the origin to those ; 
points of the given line whose ordinates are — 1 and 19. 

49. The lines joining the middle points of the sides of the . 
triangle formed by the lines a;— 5y+ll=0, lla?+6y— 1 = 0, 
a; + y + 4 = 0. *. 

•50. Find the area of the quadrilateral whose vertices are 
\(0^),(0,5),(li,9).(7,0). 

51. What point in the line 5ar — 4y — 28 = is equidis- / 
tant from the points (1, 5) and (7, — 3) ? 

52. Prove that the diagonals of a square are X to each /^ 
other. 

■,*- 53. Prove that the line joining the middle point of two sides - 
of a triangle is parallel to the third side. 

54. What is the geometric meaning of the equation 
ay = 0? X 
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65. Show that the three points (3 a, 0), (0, 3 J), (a, 2b) 
are in a straight line. 

56. Show that the three lines 5iF + 3y — 7=0, 3iF — 4y 
— 10 = 0, and a: + 2y = meet in a point. 

57. What must be the value of a in order that the three 
lines 3a: + y~2 = 0, 2a?-y — 3 = 0, and aa? + 2y — 8 = 
may meet in a point? 

What straight lines are represented by the equations : 

58. x' + (a-b)x-ai==0? 

59. xy + bx + ay + ab = 0? 

60. x'2/ = x7/'? 

61. Ux'-bxy-f^O? 

In the following exercises prove that the locus of the point 
is a straight line, and obtain its equation. 

^^^^^^ 62. The locus of the vertex of a triangle having the base 
and the area constant. 

63. The locus of a point equidistant from the points (ari, yi) 
and (a:,, y,). 

^ 64. The locus of a point at the distance d from the line 
Ax + B^ + C = 0. 

65. The locus of a point so moving that the sum of its 
distances from the axes shall be constant and equal to k. 

^^ 66. The locus of a point so moving that the sum of its 
distances from the lines ^a:+^y+a=0, A^x+By-\-C^^^ 
shall be constant and equal to Ic. 

" — 67. The locus of the vertex of a triangle, having given the 
base and the difference of the squares of the other sides. 
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SUPPLEMENTARY PROPOSITIONS. 
Lines passing theough One Point. 

51. If S = 0, S' = represent the equations of any two loci 
with the terms all transposed to the left-hand side, and k de- 
notes an arbitrary constant, then the hcus represented by the 
equatwn S-\-kS' = passes through every point common to 
the two given loci. 

For it is plain that any co-ordinates which satisfy the equa- 
tion S=0, and also satisfy the equation S' = 0, must like- 
wise satisfy the equation S+kS' = 0, 

For what values of k will the equation J8 + kS' = repre- 
sent the lines /?= and aS" = 0, respectively ? 

52. Mnd the equation of the line joining the point (3, 4) to 
the intersection of the lines 

3ar-2y + 17=0 and a? + 4y-27=0. 

The method of solving this question which first occurs is 
to find the intersection of the given lines and then apply 
equation [4], p. 37. 

Another method, almost equally obvious, is to employ equa- 
tion [5], which gives at once 

y-4 = m(a? — 3), 
and then determine m by substituting for x and y the co-ordi- 
nates of the intersection of the given lines. 

The following method, founded on the principle stated in 
§ 51, is, however, sometimes preferable, on account of its 
generality and because it saves the labor of solving the given 
equations. According to this principle, the required equation 
may be immediately written in the form 

8a: - 2y -f- 17 -h i(a? -f- 4y - 27) = 0. 
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And since the line passes through (3, 4), we must have 
9-8 + 17 + *(3 + 16-27) = 0, 

whence i = 7- 

4 

Therefore 12a? ^ 8y + 68 + 9a: + 36y - 243 = 0, 
or 3ar + 4y-25 = 0. 

This is the equation of the required line. 

63. If the eqiuxtiom of three straigkt lines are 

Ax +By +0 =0, 
A'x +ffy +a =0, 

and we can find three constants, /, m, n, so thai the relation 
l{Ax+By+C)+m{^A^x+B^y+0^)+n{A''x+B^'y+Cr^)=^ 
is identically true, thai is, true for all values of x and y, then 
the three lines meet in a point. 

For if the co-ordinates of any point satisfy any two of the 
equations, then the above relation shows that they will also 
satisfy the third equation. 

64. To find the equation of the bisector of the angle between 
the two lines xcosa + y sin a=p, 

and X cos a'+ y sin a!=p\ 

There are evidently two bisectors : one bisecting the angle 
in which the origin lies ; the other bisecting the supplementary 
angle. 

Now every point in either bisector is equally distant from 
the sides of the angle. Let {x, y) be any point in the bisector 
of the angle which includes the origin ; then, by § 49, the ex- 
pressions for its distances from the two sides will be equal 
numerically, and have like signs ; hence we have 

a: cosa + y sin a —p = x cos a'+ y sin a!—p\ (1) 

Since (ar, y) is any point in this bisector, (1) is its equation. 
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The expressions for the distances of any point in the other 
bisector from the sides of the angle will "be numerically equal, 
but unlike in sign ; hence the equation of this bisector is 

a: cos o + y sina—p = — (ar cos a'+y sin a' —p'). (2) 

To distinguish equations (1) and (2) we note that in the first 
the constant terms in the two members have like signs ; while 
in the second the constant terms have unlike signs. 

Cob. 1. If the equations of the lines are in the form 

the equations of the bisectors are evidently 

VA^-i-B^ " y/A'^ + B^ * ^ ■' 

Equation [14] represents the bisector of the angle in which 
the origin lies, or of its supplementary angle, according as we 
take the upper or lower sign* 

For example, let the equations of the lines be 

2ar = 4y + 9, and5y = 3a?-7. 
Putting these equations in the form of [9], we have 

2a; — 4y = 9, and 3a: — 6y = 7. 
Hence the equations of the bisectors of their included angles 
are 2a?-4y-9 _ 3a?-5y-7 
V26 "''*' V34 

in which the upper sign gives the equation of the bisector of 
the angle in which the origin lies. 

Cor. 2. If /?= and /?'= represent two simple equations 
in the normal form, with the terms all transposed to the first 
members, then the equations of the bisectors of their included 
angles may be written 

/S=d=AS', or/8'=f/S"--=a 
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Ex. 18. 

Find the equation df a line passing through the intersection 
of the lines 3a; — 2y + 17 = 0, a; + 4y- 27 = 0, and 

1. Passing also through the origin. 

2. Parallel to the line ar + 2y + 3 = 0. 

3. Perpendicular to the line 6ar — 5y = 0. 

4. Equally inclined to the two axes. 

5. Find the equation of a line parallel to the line ar = y, 
and passing through the intersection of the lines y = 2a; + 1 
and y + 3a; = ll. 

6. Find the equation of a straight line joining (2, 3) to the 
intersection of the lines 

2a; + 3y + l=0 and 3a; — 4y = 5. 

7. Find the equation of a straight line joining (0, 0) to the 
intersection of the lines 

5a; — 2y+3 = and 13a;+y = l. 

o 8. Find the equation of a straight line joining (1, 11) to the 
intersection of the lines 

2a;+5y — 8 = and 3a;— 4y = 8. 

Find the equation of the straight line passing through the 
intersection of the lines Ax + B7/ + O=0 and A^x + Jffy 
+ C' = 0, and also 

9. Passing through the origin. 

10. Drawn parallel to the axis of x, 

11. Passing through the point {xi, y^. 

12. Find the equation of a straight line passing through 
the intersection of 5a? — 4y + 3 = and 7a; + lly — 1==0^ 
and cutting on the axis of y an intercept equal to 6, 
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• 

13. Find the equation of a straight line passing through 
the intersection of y = 7 a; — 4 and y = — 2 a; + 5, and forming 
with the axis of x the angle 60°. 

^ 14. The distance of a straight line from the origin is 5 ; 
and it passes through the intersection of the lines 3a; — 2y 
+ 11 = and 6a; + 7y — 55 = 0. What is its equation ? 

15. What is the equation of the straight line passing 
through the intersection of bx + ay=^ah and y^- infix ^ and 
perpendicular to the former line ? ^ 

Prove that the following lines are concurrent (or pass 
through one point) : 

16. y = 2a?+l, y = a: + 3, y = ~5a; + 15. 

17. 4a?-2y-3 = 0, 3a;-y + i = 0, 5a;-2y-l = 0. 
4 18. 2ar — y = 5, 3ar — y = 6, 4ar — y = 7. 

19. What is the value of m if the lines 

a ^ b * b ^ a * ^ 
meet in one point ? 

20. When do the straight .lines y = mx + b^ y^= mfx + b\ 
y=z=m"a? + i" pass through one point? 

O 21. Prove that the three altitudes of a triangle meet in one 
point. 

22. Prove that the perpendiculars erected at the middle 
points of the sides of a triangle meet in one point. 

23. Prove that the three medians of a triangle meet in one 
point. Show also that this point is one of the two points of 
trisection for each median. 

24. Prove that the bisectors of the three angles of a triangle 
meet in one point. 
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25. The vertices of a triangle are (2, 1), (8, —2), (—4,-1). 
Find the lengths of its altitudes. Is the origin within or 
without the triangle? 

26. The equations of the sides of a triangle are 

3ar+y + 4 = 0, 3ar-5y + 34 = 0, 3a; — 2y+l = 0. 
Find the lengths of its altitudes. 

What are the equations of the lines bisecting the angles 
between the lines 

t) 27. 3a?-4y + 7 = and 4a:-3y + 17=0? 

28. 3a: + 4y-9 = and 12a:+5y-3 = 0? 

29. y = 2a? — 4 and 2y = a? + 10? 
80. a? + y=2 and ar-y = 0? 

31. y = Tnx + b and y = rnfx + i' ? 

o 32. Prove that the bisectors of the two supplementary angles 
formed hj twQ intersecting lines are perpendicular to each 
other. I \^. 

iJquations representing Straiqht Lines. 

66. A homoffeneoita equa^on of the nth degree represents n 
straight lines through the origin. 

Let the equation be 

Aaf" + Baf'-'y + Oc-y + + ^y* = 0. 

Dividing by Ay^, we have 

(iMer+5©-+ +f-»- 

^^ ''i* ^«i ^«, r^ denote the roots of this equation, thea the 

equation, resolved into its factors, becomes 
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and therefore is satisfied when any one of these factors is zero, 
and in no other cases. 

Therefore the locus of the equation consists of the n straight 
lines 

a? — riy = 0, x — r^==0, , ar — r«y=0. 

56. To find the angle between the two straight lines repre- 
sented hy the eqitation Aa^ + Qiy + £y^ = 0. 

Solving the equation as a quadratic in x, we obtain 

Hence the slopes of the two lines are 

2A . 2A 



m=- 



- C-^C^-^AB - C+'\/C^^^AB 

Therefore 

B B' 

and (equation [10], p. 45), 



tan6=^^^^ = ^^'-^^g. 
^ 1 + mm' A + B 

57. To find the condition that the general equation of the 
second degree may represent two straight lines. 

We may write the most general form of the equation of the 
second degree as follows : 

A:x? + B'i^+Cxy + Dx + Ey + F=0. (1) 

In order that this equation may represent two straight lines, 
its first member must be the product of two linear factors in 
X and y ; that is, the equation can be written in the form 

(Ix + my + n) (jpx+qy + r) = 0. (2) 

Equating coefficients in (1) and (2), we obtain 
lp = A, mq = B, nr = F, 

lq + mp = Ct lr + np = B, mr + nq= E. 
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The product of C, -D, and E is 

CLE = 2 Imnpqr + Ip (n^q^ + mV) + mq (Pr" + nY) 
+ nr(my + Pq^) 
= 2ABF+A(E*-2BF)+£(B'-2AE) 
+ F((P-2A£). 
Hence the required condition is 

F{C - 4^J5) + AE" + £!>'- CBE= 0. (3) 

Ex. 19. 

1. Describe the position of the two straight lines repre- 
sented by the equation Ax' + Cxy + Bf + Dx + Ey + F= 0, 
where (i.) A^C=D = 0, (ii.) B=:^C^E= 0. 

2. When will the equation axy + bx + cy-\-d = Q repre- 
sent two straight lines? 

3. Find the conditions that the straight lines represented 
by the equation Aa^ ^ Cxy + By^^^O may be real; imagi- 
nary ; coincident ; perpendicular to each other. 

4. Show that the two straight lines a;*— 2a?y8ecd + ^ = 
make the angle with each other. 

Show that the following equations represent two loci of the 
same order, and find their separate equations: 

5. 3i^'-2xy'-%y' + 2x-2y + \=0. 

6. a;»-4a;y-f Sy* — 6y-f 9 = 0. 

7. a:«-4a:2/-t-33/' + 6y-9 = 0. 

8. Show that the equation a;*-f a;y— 6y*-t-7ar-f Sly— 18=0 
represents two straight lines, and find the angle between them. 

Determine the values of K for which the following equa- 
tions will represent in each case a pair of straight lines. Are 
the lines real or imaginary ? 

9. \2a^-lQxy + 2y' + llx-by + K-=0. 
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10. 12x'+irxy + 2r/' + llx — by + 2 = 0. 

11. 12x' + SQxy + iry' + 6x+ey + S = 0, 

12. For what value of K does the equation Kxy + ^x 
+ 3y + 2 = represent two straight lines ? 

Problems on Loci involving Three Variables. 

58. A trapezoid is formed by drawing a line parallel to the 
hoAe of a given triangle, Mnd the looics of the intersection of 
its diagonals. 

If ABC be the given triangle, and we choose for axes the 
base AB and the altitude CO, the vertices A, B,C may be 
represented in general by (a, 0), (b, 0), (0, c), respectively. 
The equations of ACsmd BC&re 

^- + y = l and U^ = l. 
a c he 

Let y = m be the equation of the line parallel to the base, 

and let it cut AC in JD, BC in U; then the co-ordinates of 

D and jF, respectively, are 

rac-am,\ ^^^ fbc-bm\ 

Hence the equation of the diagonal BD is 



y cm 

x — b ac — am — be 
and the equation of the diagonal AE is 
y cm 



(1) 



(2) 



x—a bc — bm — cu; 
If P be the intersection of the diagonals, then the co-ordi- 
nates X and y of the point P must satisfy both (1) and (2) ; 
by solving these equations, therefore, we obtain foi* any par- 
ticular value ofm the co-ordinates of the point P. But what 
we want is the algebraic relation which is satisfied by the 
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co-ordinates of P, whatever the vahie of m wxiy he. To find 
this, we have only to eliminate m from equations (1) and (2). 
By doing this we obtain 

2ca: + (a + 6)y = (a + i)c, 



or 



: + 2^ = l. 



We see from the form of this equation that the requirea 
locus is the line which joins Q to the middle point of AB. 

Kemabk. The above solntion should be studied till it is understood. 
In problems on loci it is often necessary to obtain relations which in- 
volve not only the x and y of a point of the locus which we are seeking, 
but also zomt third variable (as m in the above example). 

In such cases we must obtain two equations which involve x and y 
and this third variable, and then eliminate the third variable; the 
resulting equation will be the equation of the locus required. 

Ex. 20. 

1. Through a fixed point any straight line is drawn, meet- 
ing two given parallel straight lines in F and Q ; through P 
and Q straight lines are drawn in fixed directions, meeting 
in H. Find the equation of the locus of i2. 

2. The hypotenuse of a right triangle slides between the 
axes of X and y, its ends always touching the axes. Find the 
locus of the vertex of the right angle. 

3. Given two fixed points, A and B, one on each of the 
axes ; if U and V are two variable points, one on* each axis, 
so taken that 0U+ OV=OA + OB, find the locus of the 
intersection of ^ F and B U, 

4. Find the locus of the middle points of the rectangles 
which may be inscribed in a given triangle. 

5. If PP', QQ' are any two parallels to the sides of a given 
rectangle, and limited by the sides or the sides produced, 
find the locus of the intersection oi PQ and FQ. 
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THE CIRCLE. 

Equations op the Circle. 

59. The Oirole is the locus of a point which moves so that 
its distance from a fixed point is constant. The fixed point 
is the centre, and the constant distance the radius, of the circle. 

Note. The word " circle," as here defined, means the same thing as 
" circumference " in Elementary Geometry. This is the usual meaning 
of "circle " in the higher branches of Mathematics. 

60. To find the eqtcation of a circle^ having given its centre 
(a, h) omd ife radius r. 




Fig. 24. 



Let C (Fig. 24) be the centre, and P any point (x, y) of 
the circumference. Then it is only necessary to express by 
an equation the fact that the distance from P to Cis constant, 
and equal to r : the required equation evidently is (§ 6) 

(aj - a)H- (y - hy = r«. [15] 
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If we draw CB H to OX, to meet the ordinate of P, then 
we see from the figure that the legs of the rt. A CPR are 

If the origin be taken at the centre, then a = i = 0, and the 
equation of the circle i^: 

3.34.^2 = ^. [16] 

This is the simplest form of the equation of a circle, and 
the one most commonly used. 

If the origin be taken on the circumference at the point A^ 
and the diameter AB be t^ken as the axis of .r, then the centre 
will be the point (r, 0). Writing r in place of a, and in place 
of b in [15], and reducing, we obtain 

x^ + y^=^2rx. [17] 

Why is this equation without any constant term ? 

61. T?ie hcus of any equation of the second degree in x and 
y in which the term in xy is wanting and the coefficients of s^ 
and y* are eqiuil is a circle. 

Any such equation can evidently be reduced to the form 

x' + y' + 2I)x + 2I}y + F=0, (1) 

Therefore 

(x'+2I)x + I)') + (y'+2Uy + IP) = I)' + U^-F, 
or (x+I)y + (2/ + Uy = (i)»+ ^« - F). (2) 

Now from [15] it follows that the locus of (2) is a circle 
whose centre is (— D, — F\ and whose radius is 

-y/jy + F'-F 

Cor. If JD^ + F^ > F, the radius is real and the circle 
is readily constructed. If B^ ■\- E^ = F, the radius is zero, 
and the locus is the single point (— D, - E). If B^ + F^<F, 
the radius is imaginary, and the equation represents no real 
locus. 
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62. Any paint (A, k) is without, on, or within the circle 
^+y^ = r*, according cw A' + jfc* >, =, or < r". 

■C-- « *x^;«4. ;« wUi,nnf on, or within a circle, according as 

>, =, or < the radius. 

Ex. 21. 

cle, taking as origin 

)■ - 

). 

). 

bllowing circles : 

IS 10. -... 

IS 11. 

5. 

as 5. 

er 10. 

and radius of the circle -. 
r + 12y + 26 = 0. 

adii of the following circles : 
^- 17. 6a:«-2y(7-3y)=0. 

19. (a: + y)«+(a;-y)«=8A', 

20. a:» + y« = a' + 5». 
15. a:» + y^-oc, 21. a:» + y' = *(a?+ A). 

- 16. a:» + 3/« + 8y=0. 22. :k» + y» = A^ + iJy. 



/ 
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23. When are the circles a^ + y*+Dx+IS/ + O=0 and 
sc' + 7/'+iyx+IJ'y + C' = concentric? 

24. What is the geometric meaning of the equation {x—af 

25. Find the intercepts of the circles 

(i.) a;' + y'-8a:-8y + 7=0, 

(ii.) a:» + y»-8a?-8y + 16 = 0, 

(iii.) a:» + y'-8a:-8y + 20 = 0. 

Putting y=»0 in each case, we have in case (i.) ac* — 8a: + 7=0, 
whence « = ! and 7; in case (ii.) a^8a: + 16 — 0, whence a; = 4; in 
case (iii.) aj* — 8 a? + 20 — 0, whence x =± V^. 

Putting a; = in each case, we obtain for y values indentical with the 
above values of x. 

The geometric meaning of these results is as follows : 

Circle (i.) cuts the axis of x in the points (1, 0), (7, 0), and the axis of 
y in the points (0, 1), (0, 7). 

Circle (ii.) touches the axis of x at (4, 0), and the axis of y at (0, 4). 

Circlb (iii.) does not meet the axes at all. 

This is the meaning of the imaginary values of x and y in case (iii.). 

If, however, we wished to make the language of Geometry conform 
more exactly to that of Algebra, then in this case we should say that 
the circle meets the axes in imaginary points. This form of statement, 
however, must be understood as simply another way of saying that the 
circle does not meet the axes. 

Find the centres, radii, and intercepts on the axes of the 
following circles : 

26. a:»+y*-5a:-7y + 6 = 0. 

27. a:' + y»-12a?-4y+15 = 0. 

28. a:» + y'-4a: — 8y = 0. 

29. a;« + y»-6a: + 4y + 4=0. 

30. a:' + y» + 22a:-18y + 57 = 0. 
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o 31. Under what conditions will the circle a^ + y* + Dx 
+-E^ + (7=0 (i.) touch the axis of ar? (ii.) touch the axis 
of y ? (iii.) not meet the axes at all ? 

32. Show that the circle a;* + y'+10ar — 10y + 25 = 
*^ touches the axes and lies entirely in the second quadrant. 

Write the equation so that it shall represent the same circle 
touching the axes and lying in the third quadrant. 

33. In what points does the straight line 3 a: + y = 25 cut 
^^he circle re" + y* = 65 ? 

34. Find the points common to the loci a;* + y* = 4 and 
y = 2a;-4. 

O 35. The equation of a chord of the circle a^ +^"=25 is 
y = 2 a? + 1 1. Find its length. 

a? t/ 
^ 36. The equation of a chord is - + t = 1 ; that of the circle 
^^-"^ ^ a o 

is a^ + ^==7*. Find the length of the chord. 

37. Find the equation of a line passing through the centre 
of a^-^-^— 6a; — 8y = — 21 and perpendicular to a? + 2y = 4. 

38. Find the equation of that chord of the circle a;*+y*=130 
which passes through the point for which the abscissa is 9 
and the ordinate negative, and which is II to the straight line 
4a:— 5y— 7=0. 

^^ 39. What is the equation of the chord of the circle 
a:* + y" = 277 which passes through (3, — 5) and is bisected 
at this point ? 

40. Find the locus of the centre of a circle passing through 
the points (a:i,yi) and (x^.yO- 

41. What is the locus of the centres of all the circles which 
pass through the points (5, 3) and (—7, — 6) ? 
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Find the equation of a circle : 

42. Passing through the points (4, 0), (0, 4), (6, 4). 

43. Passing through the points (0, 0), (8, 0), (0, - 6). 

44. passing through the points (-6, -1), (0, 0), (0, —1). 

45. Passing through the points (0, 0), (—8 a, 0), (0, 6 a). 

t) 46. Passing through the points (2, - 8), (3, - 4), (- 2, - 1). 

► 47. Passing through the points (1, 2), (1, 3), (2, 5). 

48. Passing through (10, 4) and (17, - 3), and radius = 13. 

^- ' 49. Passing through (3, 6), and touching the axes. 

o50. Touching each axis at the distance 4 from the origin. 

51. Touching each axis at the distance a from the origin. 

^ 52. Passing through the origin, and cutting the lengths 
a, h from the axes. 

53. Passing through (5, 6), and having its centre at the 
intersection of the lines y = 7a: — 3, 4y — 3a: = 13. 

54. Passing through (10, 9) and (5, 2 — 3V6), and having 
its centre in the line 3a: — 2y — 17= 0. 

^ 55. Passing through the ougin, and cutting equal lengths 
a from the lines a: = y, a: + y = 0. 

yO 56. Circumscribing the triangle whose sides are the lines 

a: 11 
y = 0, y = ma: + ^, ^ + 6 '''• 

57. Having for diameter the line joining (0, 0) and (a:i,yi). 

58. Having for diameter the line joining {x^, yO and (a:,, y,). 

59. Having for diameter the line joining the points where 
y = 7na: meets a:' + y' = 2ra:. 

60. Having for diameter the common chord of the circles 
«' + y' = ^ and (ar— a)' + y' ==»■'• 



the gibcle. 

Tangents and Normals. 
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63. Let QPQ (Fig. 25) represent any curve. If the secant 
QPR be turned about the point P until the point* Q approaches 
indefinitely near to P, then the limiting position, TT\ of the 
secant is called the Tangent to the curve at P. 




Rg. 25. Fig. 26. 

The tangent TF is said to touch the curve at P, and the 
point P is called the Point of Oontaot. 

The straight line FN drawn from P, perpendicular to the 
tangent TT, is called the Nonnal to the curve at P. 

Let the curve be referred to the axes OX, OY, and let M 
be the foot of the ordinate of the point P. Let also the tan- 
gent and the normal at P meet the axis of x in the points 
T,N, respectively. Then TJf is called the Snbtangent for the 
point P, and MN'v& called the Subnormal. 

64. To find the equation of a tangent to the circle a:* + y* = r", 
ait the point of contact (xi, t/i). 

Let P(Fig. 26) be the point (a?!, yi), and Q any other point 
(^». Vt) of the circle. Then the equation of the secant FQ is 

X — Xx a?t — a?i 
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Now, since (x^ J/i) and (xtt yO are on this circle, we have 

Subtracting, (x,* - x^') + (y,« - y,') = 0. 

Factoring, (x^ - Xi) (a:, + x^) + (y, - yO (y, + yO = 0. 

Whence, by transposition and division, we have 

y« — yi ^ iCj+xi 
Xi — xi yi+yi* 

By substituting in (1), the equation of the secant becomes 

y-yi ^ ar, + a?i 

x—xi^ y«+yi' 

Now let Q coincide with P, or a:, = Xi^ y^ = y^\ the secant 
becomes a tangent at P, and the equation becomes 

ar-a:i yi* 

or s!ix + y^ = Xi* + yi\ 

And, since arj' + yi' = r*, we obtain 

a?i« + yiy=ra, [18] 

which is the equation required. 

Note. If we had put a?, = x^, y, = t/i, in (1) Before we introduced the 
condition that {xi, y^) and (x,, y,) ^^^ e on the circle, the slope of the tan- 
gent would have assumed the indeterminate form-- 

The above method of obtaining the equation of the tangent to a circle 
is applicable to any curve whatever. It is sometimes called the secant 
method. Equation [18] is easily remembered from its symmetry, and 
because it may be formed from a;* + y' = r* by merely changing a;* to «|2^ 
and y» to ya/. 
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66. lb find the equation of the normal through (x^ y^. 

The slope of the tangent is -; — • 

Therefore that of the normal will be ^ (§ 45, Cor. 2). 

Xi 

Hence the equation of the normal is (§ 88) 

which reduces to the form 

y^x — flCiy = O. [19] 

Therefore the normal passes through the centre. 

6& To fimd the eqtuitions of the tangent and normal to the 
circle {x — ay + iy — by = 7^ at the point of contact (x^ y^. 

We proceed as in § 64, only now the equations of condition 
which, place (a?!, y^ and (arj, y^ on the circle are 

{x,^ay + {y,-hy^7», 
{x,-ay + {y,^hy=^f». 

After subtracting and factoring, we have 

(Xi-x^) (x^+xr- 2a) + (y,-yi) (y2+yi-25) = 0, 

whence y«--yi __ _ x^ + Xi^2a 

Xt — xi y% + yi — 2b 

Hence the equation of a secant through (arj, y^ and (a:,, y,) is 

y-y\ ^ a?a + a:i — 2a 
x-x^ y^ + yi — ^h 

Making a:, = a:i, and yt = yu and reducing, we obtain 

(ajj-a) (aj-a) + (Pi-b) (y-b)=r». [20] 



80 ANALYTIC GEOMETRY. 

Equation [20] may be immediately formed from [18] by 
affixing — a to the x factors and — i to the y factors, on the 
left-hand side. 

By proceeding as in § 65, we obtain for the equation of 
the normal 

(yi-*) (a;-a5i)-(ah-a) (y-yi)=0. [21] 



67. To find the condition thai the straight line y = rax + c 
shall tottch the circle a:* + y* = r*. 

I. If the line touch the circle, it is evident that the perpen- 
dicular from the origin to the line must be equal the radius r 

of the circle. The length of this perpendicular is — ^ 

Vl + m» 
(§ 41). Therefore the required condition is expressed by the 

equation 

(r = t\l + m'). 

II. By eliminating y from the equations 

y = mx + c, a:» + y» = r", 
we obtain the quadratic in a?, 

(1+ w'K + 2mcx = r* - c», 
the two roots of which are 



mc Vr^(l + m*) — g* 



1 + m*"" 1+m' 

If these roots are real and unequal, the line will cvi the 
circle ; if they are equal, it will touch the circle ; if they are 
imaginary, it will not meet the circle cU all. 

The roots will be equal if Vr*(l+ m*) — c* = ; that is, if 
c' = r*(l 4- m'), a result agreeing with that previously obtained. 

If in the equation y = mx + c we substitute for c the value 
r Vl + m*, we obtain the equation to the tangent of a circle in 
the useful form y^^^ rVl+W. [22]^ 



<\- vjlKrU^AAi WjvAV^l^ 



3 Or -<vvH-VKvVT^ 
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This equation, if we regard m as an arbitrary constant, 
represents all possible tangents to the circle a;* + y^ = r". 

Note 1. Method II. is applicable to any curve, and agrees with the 
definition of a tangent given in { 63. 

\NoTE 2. In problems on tangents the learner shodld consider whether I < 

the co-ordinates of the point of contact are involved. If they are, he \ \/ 

should use equation [18] ; if they are not, then in general it is better to Vt l^lQ 

use equation [22]. c^r V 

1. Explain the meaning of the double sign in equation [22]. /-^L ^ 

2. Deduce the equations of the tangent and normal to the ^ 
circle a:* + y* = r*, assuming that the normal passes through ^ 
the centre. 

3. Find the equations of the tangent and the normal to j 
^ + y* = 52 at the point (4, 6). Find, also, the lengths of j 
tangent, normal, subtangent, subnormal, and the portion of 

the tangent contained between the axes. 

•^ 4. A straight line touches the circle 3^ + ^* = /* in the I 

point (oTi, yi). Find the lengths of the subtangent, the sub- i 

normal, and the portion of the line contained between the i 

axes. 

5. What is the equation of a tangent to the circle 
a;* -j- y» = 250 at the point whose abscissa is 9 and ordinate 
negative ? 

6. Find the equations of tangents to a;' + y*=10 at the 
points whose common abscissa = 1. 

^ 7. Tangents are drawn through the points of the ciicle j 

a;» -f- y* = 25 which have abscissas numerically equal to 3. Prove j 

that these tangents enclose a rhombus, and find its area. ' 

. • 8. The subtangent for a certain point of a circle is 5J- ; the 

subnormal is 8. What is the equation of the circle ? | 
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Find the equation of a straight line 

9. Touching a?-\-y^= 232 at the point whose abscissa = 14. 

10. Touching (a? - 2)» + (y - 3)» = 10 at the point (5, 4). 

11. Touching a^' + y' — Sa: — 4y = at the origin. 

# 12. Touchinga^'+y'— 14 a: — 4 y — 5 = at the point whose, 
abscissa is equal to 10. 

What is the equation of a straight line touching the circle 
a:* 4- y" = r*, and also 

13. Passing through the point of contact (r, 0) ? 

^ 14. Parallel to the line Ax + By ^0=01 

J5. Perpendicular to the line Ax + By + C=Q'^ 

16. Making the angle 45® with the axis of a; ? • 

i^l7. Passing through the exterior point (A, 0) ? 

18. Forming with the axes a triangle of area r*? 

#-19. Find the equations of the tangents drawn from the 
point (10, 5) to the circle a^ + y« = 100. 

20. Find the equations of tangents to the circle x*-\~y' 
+ 10a: — 6y — 2 = and II to the line y = 2a;-7. 

21. Find the lengths of subtangent and subnormal in the 
circle a:* + y' — 14 a: — 4 y = 5 for the point (10, 9). 

^ 22. What is the equation of the circle (centre at origin) 
which is touched by the straight line a:cosa + y sina=^? 
What are the co-ordinates of the point of contact ? 

O 23. When will the line Ax + By — C=0 touch the circle 
a;« + y« = r*? the circle (a:~a)» + (y — i)* = r»? 

24. Find the equation of a straight line touching a^ + y* 
^ax+hy and passing through the ori^n. 
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Prove that the following circles and straight line touch, 
and find the points of contact in each case : 

25. x' + y' + ax + b7/ = and ax-f-by + a" + b^ = 0. 

26. x' + y''-2ax-2by + b^ = and x = 2a, 

^27. a;* + y* = oa: + 6y and cw; — 6y + 5' = 0. "^^ 

28. What is the equation of the circle (centre at origin) 
which touches the line y = 3a: — 5 ? 

"^-^ 29. What must be the value of m in order that the line 
y = mx + 10 may touch the circle x^ + y^ = 100 ? Show that 
we get the same answer for the line y = mx — 10, and explain 
the reason. 

j^T 30. Determiiie the value of c in order that the line 3 a: — 4 y 
+ e = may touch the circle a:' + y' — 8a: + 12y — 44=0. 
Explain the double answer. 

31. What is the equation of the circle having for centre 
the point (5, 3) and touching the line 3a: + 2y — 10 = 0? 

32. What is the equation of a circle whose radius = 10, 
and which touches the line 4a: + 3y — 70 = in the point 
(10,10)? 

^^y^ 83. A circle touching the line 4a: + 3y + 3 = in the 
point (—3,3) passes through the point (5,9). What is its 
equation? 

^^ 34. Under what condition will the line - + | = 1 touch 
the circle a:* + y* = r* ? 

O/ 35. What is the equation of the circle inscribed in the 
triangle whose sides are 
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36. Two circles touch each other when the distance between 
""their centres is equal to the sum or the difference of their 

radii. Prove that the circles 

^ + y' = (r + a)», (x^ay + y'^f* 

touch each other, and find the equation of the common tangent. 

37. Two circles touch each other when the length of their 
common chord = 0. Find the length of the common, chord of 

and hence prove that the two circles touch each other when 
(a-J)« = 2r». 

Ex. 23. (Revie-w.) 

Find the radii and centres of the following circles : 

1. 3a;»-6a: + 3y» + 9y-12 = 0. 

2. 7a:' + 3y'~4y-(l-2a:)» = 0. 

3. y(y~5) = a<3-a:). 



4. vT+V(a;* + y») = 2i(a: + ay). 

Find the equation of a circle : 

5. Centre (0, 0), radius = 9. 

6. Centre (7, 0), radius = 3. 

7. Centre (— 2, 5), radius = 10. 

8. Centre (3 a, 4 a), radius = 5 a. 

9. Centre (h + c^ i — c), radius~= c, 

10. Passing through (a, 0), (0, *), (2a, 2b), 

11. Passing through (0, 0), (0, 12), (5, 0). 

12. Passingthrough(10,9), (4,-5), (0,5). 

18. Touching each axis at the distance —7 from the origin. 
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14. Touching both axes, and radius = r. 

15. Centre (a, a), and cutting chord = h from each axis. 

16. Having the centre (0, 0), and touching y = 2a? + 3. 

^ 17. Having the centre (1, - 3), and touching 2a:— y— 4=0. 

18. With its centre in the line 5a: — 7y — 8 = 0, and 
touching the lines 2a: — y = 0, a: — 2y — 6^=0. 

19. Passing through the origin and the. points common to 
the circles a:» + y' — 6a:— lOy— 15 = 0, 

a:' + y' + 2a:+ 4y-20 = 0. 

20. Having its centre in the line 5a: — 3y — 7=0, and 
passing through the points common to the same circles as in 
No. 19. 

21. Touching the axis of a:, and passing through the points 
common to the circles 

3:' + y' + 4a:— 14y-68 = 0, 
a;« + yi_6a:-22y + 30 = 0. 

(p 22. Find the centre and the radius of the circle which 
passes through (9, 6), (10, 5), (3, - 2). 

23. What is the distance from the centre of the circle 
passing through (2, 0), (8, 0), (5, 9) to the straight line joining 
(0,-11) and (-16,1)? 

/\ 24. What is the distance from the centre of the circle 
a:' + y'-4a: + 8y = to the line 4a:-3y + 30 = 0? 

25. What portion of the line y = 5 a: + 2 is contained within 
^ — the circle ar» + y'-13a:-4y — 9 = 0? 

^ 26. Through that point of the circle a:* + 3/* = 25 for which 
the abscissa = 4 and the ordinate is negative, a straight line 
parallel to y=3a:— 5 is drawn. Find the length of the inter^ 
cepted chord. 

^0^ 'V^^-l 0^^' -1 • 
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'' 27. Through the point {xi, yi), within the circle a:'+ 3/"= r*, 
a chord is drawn so as to be bisected at this point. What is 
its equation ? 

28. What relation must exist among the coefficients of the 
equation A{p[^ + f)+I)x+Ey+C=0, 

(i.) in order that the circle may touch the axis of a; ? 
(ii.) in order that the circle may touch the axis of y ? 
(iii.) in order that the circle may touch both axes ? 

29. Under what condition will the straight line y = 7?ia;+c 
touch the circle a;* + y* = 2ra; ? 

^ 30. What must be the value of k in order that the line 
3 a; + 4y = A; may touch the circle y* = 10a; — a;* ? 

31. Find the equation of the circle which passes through 
the origin and cuts equal lengths a from the lines x = y, 
x + y = 0. 

32. Find the equations of the four circles whose common 
radius = a V2, and which cut chords from each axis equal 
to 2a. 

33. Find the equation of the circle whose diameter is the 
common chord of the circles a;* + y* = r", (a; — a)* + y" = r*. 

Find the equation of the straight line 

34. Passing through (0, 0) and the centre of the circle 

a;« + y» = a(a; + y). 

A 35. Passing through the centres of the circles 

V + y' = 25 and a;» + 3/» + 6a;--8y = 0. ' 

36. Passing through (0, 0) and touching the circle 
aJ 4_ yi _ 6 a; - 1 2 y + 4 1 = 0. 

Q 37. Parallel to a;+V3(y-12)=0 and touching a;*+y^lOO. 
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38. Passing through the points common to the circles 

a:»+y- 2a;- 4y~ 20 = 0, 
a:* + 3/* - 14 a; - 16y + 100 = 0. 

39. Prove that the common chord of the circles in No. 38 
is perpendicular to the straight line joining their centres. 

40. Find the area of the triangle formed by radii of the 
' circle a;* + y* = 169 drawn to the points whose abscissas are 

— 12 and +7 and ordinates positive, and the chord passing 
through the same two points. 

41. Prove that an angle inscribed in a semicircle is a right 
angle. 

42. Prove that the radius of a circle drawn perpendicular 
to a chord bisects the chord. 

43. Find the inclination to the axis of x of the line joining 
the centres of the circles a:* + 2a; + y" = 0, a;* + 2y + y* = 0. 

^^ 44. Determine the point from which tangents drawn to the 
>^^circles s^ + y"- 2a;- 6y+ 6 = 0, 

a;« + y» - 22y - 20 a; + 52 = 0, 
will each be equal to 4V6. 

46. Find the equations of the circles which touch the 
straight lines 6a; + 7y + 9 = and 7a; + 6y + 3 = 0, and 
the latter line in the point (3, — 4). 

Obtain and discuss the equations of the following loci : 

46. Locus of the centre of a circle having the radius r and 
passing through the point (ari, yi). 

47. Locus of the centre of a circle having the radius r' and 
touching the circle (a; — a)* + (y — J)' = r*. 

^,.^48. Locus of all points from which tangents drawn to the 
circle (a? — a)' + (y — J)' = r* have a given length t 



88 ANALYTIC GEOMETRY. 

^^^ 49. Locus of the middle point of a chord drawn through a 
^^ fixed point -4 of a given circle. 

60. Locus of the point M which divides the chord AC, 
drawn through the fixed point -4 of a given circle, in a given 
ratio AM', MO = m:n, 

51. Locus of a point whose distances from two fixed points, 
-4, -B, are in a constant ratio m : n. 

62. Locus of a point, the sum of the squares of whose dis- 
tances from two fixed points, A and B, is constant, and equal 
toyt». 

63. Locus of a point, the difference of the squares of whose 
distances from two fixed points, -4, .5, is constant and equal 
to A*. 

64. Locus of the middle point of a line of constant length 
d which moves so that its ends always touch two fixed per- 
pendicular lines. 

66. Locus of the vertex of a triangle whose base is fixed 
and of constant length, and the angle at the vertex is also 
constant. 

66. One side, AB, of a triangle is constant in length and 
fixed in position ; another side, AC, is constant in length but 
revolves about the point A, Find the locus of the middle 
point of the third side, BO. 

^^^ 67. Find the locus of the intersections of tangents at the 
^^^ extremities of a chord whose length is constant. 

68. A and B are two fixed points, and the point P moves 
so that PA = w X PB ; find the locus of P. ^ . 
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SUPPLEMENTARY PROPOSITIONS. 

68. A Diameter of a curve is the locus of the middle points of 
a system of parallel chords. The chords which any diameter 
bisects are called the Cfhords of that diameter. 

. 69. To find the equation of a diameter of the circle «" +y' = r". 

F 




Fig. 27. 



Let the equation of any one of the parallel chords (Fig. 27) 
be y = mx + c, and let it meet the circle in the points (oti, y^ 
and (a:,, y,)- , 

Then(§§87and64)m = -§^'. (1) 



Let {x, y) be the middle point of the chord ; then 2rc=rci+a:„ 
2y = yi + yf (§ 8), and by substitution we have 



X 
7?l = » 



or 






(2) 



a relation which evidently holds true for the middle points of 
all the chords. Therefore (2) is the equation of a diameter. 

Cor. From (2) we see that a diameter of a circle is a 
straight line passing through the centre and perpendicular to 
its chords. 
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70. Ihvo distinct^ two eoincidentf or no tangents can be drawn 
to a circle through any point (A, k), according as this point is 
without^ on^ or within the circle. 
Let the tangent 

y = mx + r Vl + m' 
pass through the point (A, k) ; then 
k = mh + r VI + m*. 
Transposing and squaring, we have 



.m 



_hk±rV¥+W^ 



(1) 



The values of m given in (1) are the slopes of the tangents 
through (A, 1c), Now, these values are real and unequal, equal, 
or imaginary, according as A' + A* >, =, or < r* ; that is, 
according as (A, h) is without, on, or within the circle. Hence 
two distinct, two coincident, or no tangents can be drawn 
through (A, i), according as (A, h) is without, on, or within the 
circle. 




Fiff. 28. 

71. To find the equation of the chord joining the points of 
contact of two tangents from any external point (A, h). 
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Let (a;i, yi), (a:,, y,) be the points of contact Q and i? ; then 
the equations of the tangents FQ and FB are (§ 64) 

Since both tangents pass through P(A, A;), both these equa- 
tions are satisfied by the co-ordinates A, k ; therefore 

A^i + ^i = r», (1) 

Aa:, + ^2 = ^. (2) 

From equations (1) and (2) we see that the co-ordinates of 
both the points (xi, y^, (ar„ y,) satisfy the equation 

hx+ky = 7^. (8) 

Hence the locus of (3), which is a right line, passes through 
both points of contact ; and therefore (3) is the equation of the ^ 
chord QR, The chord QR is called the Ohord of Oontact. 

72. Suppose a chord of a circle to turn round any fixed 
point. (A, h) ; to find the locus of the intersectUm of the two 
tangents dravm cut its extremities. 

Let F (Fig. 29 or 30) be the fixed point (A, k), QFR one 
position of the revolving chord, and let the tangents at Q and 
R intersect in Pi (xi, y^ ; it is required to find the locus of Fi 
as the chord turns about P. Since QR is the chord of con- 
tact of tangents drawn from the point Pi (ari, yO, its equation 
is (§71) x,x + yiy^7». (1) 

Since (1) passes through (A, A), we have 

A^i + iyi = ^. :2) 

But (iCi, yi) is any point in the required locus, and by (2) its 
co-ordinates satisfy the equation 

hx + hy^r^', (3) 

hence (3) is the equation of the required locus. 
Since (3) is of the first degree, the locus is a straight line. 
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The line Aa? + iy = r* is called the Polar of the point (A, k) 
with regard to the circle a;* + y* = r*; and the point (A, *) is 
called the Pole of the line. The pole (A, k) may be without, 
on, or within the curve. In Fig. 29 it is within, while in 
Fig. 30 it is without the circle. 




P, H 



Fig. 29. 




7 — S> 
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OoB». 1. If the point (A, h) be on the circle, (3) is evidently 
the equation of the tangent at (A, Ic) ; hence, 

The polar of any poirU on the circle is identical with the tan- 
gent at that point. 

Cor. 2. If (A, k) be an external point, by § 71, (3) is the 
equation of the chord of contact of tangents from (A, h) to the 
circle; hence. 

The polar of any external point is the same line as the chord 
of contact ofiangerds drawn from that point. 

Thus, in Fig. 30, HMia the polar of P, or the chord of con- 
tact of tangents drawn from P. 

73. The polar and pole of a circle may be defined as fol- 
lows: If a chord of a circle be turned round a fixed point 
(A, £), the locus of the intersection of the two tangents at its 
extremities is the polar of the pole (A, h) with regard to that 
cunDB. 

74. If the polar ofapoini Ppass through P, then the polar 
of P vriUpass throitgh P. 

Let P be the point (A, k), F the point (A', ifc'), and let the 
equation of the circle be a:* + y* = r". 
Then the equations of the polars of P and P' are 

Aa:+^=r», (1) 

Kx + Vy^r". (2) 

If P be on the polar of P, its co-ordinates must satisfy 
equation (1) ; therefore 

AA'-FAA' = r«. 
But this is also the condition that P shall be on the line 
represented by (2) ; that is, on the polar of P. Therefore P 
is on the polar of P'. 

This relation of poles and polars is illustrated in the Figs. 
29 and 30. 
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75. To find a geometrical construction for the polar of a 
point with respect to a circle.^ 

C c 



Q 



B 

Fiff. 31. 




Fig. 32. 



The equation of the line through any point P (A, k) and the 
centre of the circle, or the origin, is 

kx-hi/ = 0. (1) 

Now the equation of the polar of P is 

Aar+J5y = r*. (2) 

But the loci of (1) and (2) are perpendicular (§ 45, Cor. 2). 
Hence, if £C is the polar of P, OF is perpendicular to BO, 
and • 

0Q= ^J_ . §41 

Vh' + V 

Also , OP=V¥+^. 

Therefore OPxOQ = r».- 

Hence, to construct the polar of P : 

Join OP, and let it cut the circle in A ; take Q in the line 
OP,sothat OP:OA = OA:OQ. 

The line through Q perpendicular to OP is the polar of P. 
To locate the pole of P(7, draw OQ perpendicular to BO, 
and take Pso that 0Q:0A = 0A: OP 



THE OIBCLE. 
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76. To fund the length of the tangent drawn from any point 
{h,h)io the circle (a:-a)' + (y-i)'-r» = 0; (1) 

Let P(Fig. 33) be the point (A, A), Q the point of contact, 
(7 the centre of the circle ; then, since PQCib a right angle, 

Now P0» = (A -a)' +(*-*)', QC = r». 

Therefore F(f^(h- a)' + ( A - by - r». 

Hence PQ* is found by simply substituting the co-ordinates 
of P for X and y in the expression (x — a)* + (y — by — r*. 

IP 





Fig. 33. 



Fiff. 34. 



If for brevity we write S instead of (a? — a)' + (y — 4)' — r*, 
then the equation S= will represent the general equation 
of the circle after division by the common coefficient of a^ 
and y*, and we may state the above result as follows : 

If S=0 be the equation of a circle, and the co-ordinateB of 
any point be substitiUed for x and y in /S, the result mill be 
equ^al to the square of the length of the tangent dravm from the 
point to the circle. 

TI. To find the locus of the point from which tangents dravm 
to two given circles are equal. 
Let the equations of the circles and 0* (Fig. 34), be 

(^-a)«+(y-i)'-r*=0, (1) 

{z - a7 +(y - Vy - r'' = 0. (2) 
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Then, if the tangents drawn from Pix^y) to the circlea (1) 
and (2) are equal, we have 

(a:-a)' + (y-*)'-r* = (a;-a')'+(y-i')'-»-". (3) 
which is the equation of the required locos. 

Cor. 1. Performing the indicated operations in (3), and 
transposing, we have 

2(a~aOa:+2(i-iOy=a'-a''+i'-*"-^+^^ (4) 
which shows that the locus is a straight line. 

This locus is called the Badical Axis of the circles (I) and (2). 
Hence, ^ /X = 0, /Si = 6e <A€ equations of two circles^ then 

8, = S,, or ^,-/Si = 0. 
will be the eqttation of their radical axis. 

Cor. 2. When the circles /Si = and /S = intersect, the 
locus of /8i = /Si passes through their common points. 

Hence, when two circles intersect or are tangent^ their radical 
axis is their common chord or tangent, 

CoR. 3. The slope of (4) is the negative reciprocal of the 
slope of the line joining the centres of (1) and (2). 

Hence, the radical axis of two circles is perpendicular to the 
linejoming their centres, 

78. Let /S= 0, /^ = 0, /8i = be the equations of three cir- 
cles, in each of which the coefficient of s^ is unity. 

Then the equations of their radical axes, taken in pairs, are 

The values of x and y that will satisfy any two of these 
equations will also satisfy the third. Therefore the third axis 
passes through the point common to the other two. Hence, 

The three radical axes of three circles, taken in pairs, meet in 
a point. This point is called the Badioal Oentre of the three 
circles. 
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Ex. 24. 

1. What is the equation of the diameter of the circle 
^+y* = 20 which bisects chords parallel to the line Qx+7y 
+ 8 = 0? 

2. What is the equation of the diameter of the circle which 
bisects all chords whose inclination to the axis of a: is 135° ? 

8. Prove that the tangents at the extremities of a diameter 
are parallel. 

4. Write the equations of the chords of contact in the circle 
a:' + y* = r* for tangents drawn from the following points: 
(r,r),(2r,3r),(a + i,a-i). 

5. From the point (13, 2) tangents are drawn to the circle 
a:* + y* = 49 ; what is the equation of the chord of contact ? 

6. What line is represented by the equation Aa; + *y = r" 
when (A, k) is on the circle ? 

7. Write the equations of the polars of the following points 
with respect to the circle a:* + y* = 4 : 

(i.)(2.3). (ii.)(3.-l). (iii.)(l.-l)- 

8. Find the poles of the following lines with respect to the 
circle s? + j^ = S5: 

(i.) 4a: + 6y = 7. (ii.) 3a: - 2y = 6. (iii.) ax+bi/=l. 

9. Find the pole of 3a: + 4y = 7 with respect to the circle 
a:" + y' = 14. 

10. Find the pole of Ax+Bi/ + 0= with respect to the 
circle a:*+y' = ^« 

11. Find the co-ordinates of the points where the line a: = 4 
cuts the circle a;* + y* = 26 ; also find the equations of the 
tangents at those points, and show that they intersect in the 
point (^, 0). 
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12. If the polars of two points P, Q meet in B^ then B is 
the pole of the line PQ. 

18. If the polar of (A, k) with respect to the circle a;* + y* = r* 
touch the circle a^ + 7/' = 2rx, then A* + 2rA = r*. 

14. If the polar of (A, k) with respect to the circle tx^+i^=(? 
touch the circle 4 (a:* + y*) = c*, then the pole (A, A) will lie on 
the circle a;* + y* = 4 c*. 

15. Find the polar of the centre of the circle a:* + y* = r*. 
Trace the changes in the position of the polar as the pole is 
supposed to move from the centre to an infinite distance. 

16. What is the square of the tangent drawn from the 
point (A, h) to the circle a;*+ y* = r* ? 

17. Find the length of the tangent drawn from (2, 5) to 
the circle a:' + y» — 2ar--3y — 1=0. 

Find the radical axis of the circles 

18. (a: + 5)' + (y + 6)' = 9, (^- 7)' + (y- 11)' = 16. 

19. a:»+y' + 2a: + 3y-7 = 0, a;« + y»-2a:-y+ 1 = 0. 

20. a;"+y» + iar + iy-c = 0, oa;* + ay» + a'a; + * V = 0. 

21. Find the radical axis and length of the common chord 
of the circles 

aJ* + 3/' + aa?+ Jy + c = 0, a:' + y* + Jar + ay + <? = 0. 

22. Find the radical centre of the three circles 

a;» + y' + 4a;+7 = 0, 

2a;» + 2y» + 3a; + 5y + 9 = 0, 

3i? + f + y = Q. 



^^^c^ X^-.'-lf 



CHAPTER IV. 
DIFFERENT SYSTEMS OF CO-ORDINATES. 

Rectilineab System. 

79i When we define the position of a point, with reference 
to any fixed lines or points, we are said to use a System of Oo- 
ordinates. 

In the Sectilinear System, already described, we have thus 
far employed only rectangular axes, or co-ordinates, which are 
to be preferred for most purposes, on account of their greater 
simplicity. When the axes of reference intersect at oblique 
angles, the axes and co-ordinates are called Obliqnei 




Let OX, OF (Fig. 36) be two axes making an acute angle, 
XOY= o), with each other. If we draw FN II to OX, and 
PM II to F, then the co-ordinates of F are 
NF=OM=x, MF^y, 

Since oblique and rectangular co-ordinates differ only in 
the angle included between the axes, any of the previously 
deduced formulas which do not depend on any property of 
the right angle, are applicable when the axes are oblique. 
Thus, formulas [2], [3], [4], [7] hold for oblique axes as well 
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as for rectangular, and therefore are general formulas in the 
rectilinear system. 

When the axes are oblique, instead of [1], we evidently have 

(Fig. 35) 

PQ = VP^ + R(^- 2P^ X RQ cos PRQ, 

•'• ^ = V(a;, - x^f + (y, - y^y + 2 (a:, — x^) (y, - yO cos «, 
which reduces to [1] when q> = 90®. 

The Eectilinear System is sometimes called the Oartesian 
System, from Descartes, who first used it. 

80. To find the equation of the straight line AC, r^erred to 
the obliqiie axes OX, OF(Fig. 36), having given the intercept 
OB = b and the angle XAG= y. 

Let P be any point (x, y) of the line. Draw BD II to OX, 
meeting PJf in D, Then, by Trigonometry, 



BD 8in(o) — y) X sin(o) — y) 

If now we put m = . ^]^'^ ^ , we obtain as the result an 
sin (o) — y) 

equation of the same form as [6], p. 38, 

y = mx + h. 

Here m = the ratio of the sines of the angles whick the line 

AC makes with the axes; that is, m = sinX^P-^-sin PBT, 

which equals tan XAP= tan y when a» = 90°. 
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81. Oblique co-ordinates are seldom used, because they 
generally lead to more complex formulas than rectangular 
ones. In certain cases, however, they may be employed to 
advantage. An example of this kind is furnished by problem 
No. 23, p. 65 : 

To prove that the medians of a triangle meet in one point. 

If a, 6, c represent the three sides of the triangle, and we 
take as axes the sides a and 5, then the equations of the sides 
and also of the medians may be written down with great ease, 
as follows : 



The sides, 
The medians, 

y 



y = 0, X-- 



">■ M=i- 



5f+J 1=0, ?+^-i=o, i. 

a ah a 



■i-»- 



On comparing the equations of the medians, we see that if 
we subtract the second equation from the first, we obtain the 
third; therefore the three medians must pass through the 
same point (§ 53). 

• Polar System op Co-ordinates. 

82. Next to the rectilinear, the system of co-ordinates most 
frequently used is the Polar System. 




Fig. 37. 



Let (Fig. 37) be a fixed point, OA a fixed straight line, 
P any point. Join OF. 
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It is evident that we know the position of P, provided 
we know the distance OP and the angle which OP forms 
with OA. 

Thus, if we denote the distance OP by p, and the angle 
AOP by 0, the position of P is determined if p and are 
known. 

The fixed point is called the Fde, and the fixed line OA 
the Polar Axis ; p and are called the Polar Oo-ordinatea of P; 
p, its Badios Vector ; and 0, its Direction or Tectorial Angle. 




Fig. 38. 



Every point in a plane is perfectly determined by a posi- 
tive value of p between and oo , and a positive value of 
between 0* and 360** (or and 2ir, circular measure). But, in 
order to represent by a single equation all the points of a 
geometric locus, we often employ negative values of p and fl, 
and adopt the following laws of signs : 

(i.) 9 is positive when measured from right to lefb, and nega* 
tive when estimated in the opposite direction. 

(ii.) p is positive or negative according as it extends in the 
direction of the terminal side of B or in the opposite direction. 
Thus any given point may be determined in four diflTerent 
ways. 
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For example, suppose that the straight line POPi bisects 
the first and third quadrants, and that in this line we take 
points P, Pi, at the same distance 0P= a from ; then 
P isthepoint(a,Jir)or(— a,|ir)or(— to,— |ir)or( a,— Jir); 
Pi is the point lpb,\ir) or (— a, Jir) or ( a,— Jw) or (— a,— jw). 





Rg. 39L Fig. 40. 

83. To find the polar equation of the circle, 

(i.) Let the pole be at the centre. Then, if r denote the 
radius, the polar equation is simply p = r. 

(ii.) Let the pole be on the circumference (Fig. 89), and 
let the diameter OB make an angle a with the initial line OA. 
Let P be any point (p, &) of the circle. Join PP. 

Then OP = OP cos BOP, 

or P=:2rcos(e — a). [23] 

If OB is taken as the initial line, the equation becomes 

P=:2rGosO. [24] 

(iii.) Let the pole be anywhere, and the centre the point 
(p', ff). Then in the triangle OOP (Fig. 40), 

OP'-20PxOC'x cos COP+OC-CP' = 0, 
or p^-2pp'co8(e-eO+P«-ra=0, [25] 

the most general form of the polar equation of a circle. 
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Ex. 25. 



1. Find tHe distances from the point P in Fig. 38 to the 
two axes. 

2. Prove that the equation of a straight line, referred to 
oblique axes in terms of its intercepts, is identical in form 
with [7], p. 39. 

3. If the straight line P,OP, (Fig. 38) bisects the second 
■X^"2Ln3. fourth quadrants, what are the polar co-ordinates of the 

points P, and P, ? Give more than one set of values in each 
case. 

4 

y^ 4. Construct the following points (on paper, take a = 1 in.) : 



/ 



H' (-i) (--i) (--1} (---i) 

(2a.=). (2«,.) (a cos 1. 1) (a.^). (sa. f ) 

Note. The expression tan~^ - in higher Mathematics means " the 

4 ^ 

angle whose tangent is -•" 
o 

5. If pi, p2 denote tbe two values of p in equation [25], 
p. 103, prove that p\p%=^p^ — r^» What theorem of Ele* 
mentary Geometry is expressed by this equation (i.) when 
the pole is outside the circle ? (ii.) when the pole is inside 
the circle ? 

6. Through a fixed point Pin a circle a chord PB is drawn, 
and then revolved about P; find the locus of its middle point. 

Note. In such problems as this there is a great advantage in using 
polar equations. 

7. If p denote the distance from the pole to a straight line, 
a the angle between p and the polar axis, prove that the polar 
equation of the line is p cos (fi — a)— p. 
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Transformation of Co-ordinates. 

84» The equation of a curve is oftentimes greatly simplified 
by referring it to a new set of axes, or to a new system of co- 
ordinates. For example, compare equations [15] and [16], 
p. 71. Hence, it is sometimes useful to be able to deduce 
from the equation of a curve referred to one set* of axes or to 
one system of co-ordinates, its equation when referred to an- 
other set of axes or to another system of co-ordinates. Either 
of these operd.tions is known as the Transformation of Oo-ordinates. 
It consists in expressing the old co-ordinates in terms of the 
new, and then replacing in the equation of the curve the old 
co-ordinates by their values in terms of the new ; we thus ob- 
tain a constant relation between the new co-ordinates, which 
will represent the curve referred to the new axes or system. 

85. To change the origin to the point (A, k) without changing 
the direction of the axes. K<tAX- -^ 

IF' 



^ 



a 



A 

Fig. 41. 



"T 



M 



Let OX, OF be the old axes, aX\ OT' the new; and 
let {x,y)y {x\y^) be the co-ordinates of the same point P, 
referred to the old and new axes respectively. 

Then (Fig. 41) 
0^=:A, Aa=h, OM=x, MP=y, aW=x\ M'P-=y\ 
x= OA + AM =0A + (yM'-= o^ + h, 
y^MM* + M'F=Aa + M'F=:y' + k. 
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These relations are equally true for rectangular and oblique 
co-ordinates. 

Hence, to find what the equation of a curve becomes when 
the origin is transferred to a point (A, k), the new axes run- 
ning parallel to the old, we must substitute for x and y the 
values given above. 

After the substitution, we may, of course, write x and y 
instead of re' and y' ; so that practically the change is efiected 
by simply writing x + h in place of x, y + hinplaceofy. 

If, however, we wish to transform a point (x, y) from the 
new to the old system, we must write a?— A in place of x and 
y—k in place of y. 

86. 2b change the reference of a curve from one set of rec- 
tangular axes to another^ the origin remaining the same. 






N^ 



^ 




Let (a:, y) be a point P referred to the old axes OX, O Y\ 
{x\ y'), the same point referred to the new axes 0X\ O P 
(Fig. 42). Then 

OM=x, MP==y, 0N=-3f, JNP^y'. 

Let the angle XOX' = 0. Draw NQ, iV» ± to FM, OX, 

respectively; then 

NFQ = QNO == IiOIf== 0. 
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Hence OJIf=OiZ-iZJIf= OB-NQ=ONcob e-PNAnB, 
Or x = x^ cos — y^ sin 0, 

And FM^ MQ+QF=IiN+QF= ON sin e+ FN COB 0, 
Or y = x* sin tf + y' cos 0. 

Therefore, to find what the equation of a curve becomes 
when referred to the new axes, we must write 

xcoaO—y sin $ for x\ xsinO + y cos for y. 

87. To change the reference of a curve from one set of rec- 
tangular axes to another f both the origin and the direction of the 
axes being changed. 

First transform the equation to axes through the new origin, 
parallel to the old axes. Then turn these axes through the 
required angle. 

If (A, k) is the new origin referred to the old axes, the 
angle between the old and new axes of x, we obtain as the 
values of, x and y for any point P, in terms of the new co- ^ 
ordin^tes, x = h + a^ cos tf - y' sin 6, 

y = A + re' sin tf + y cos tf . 

In making all these transformations, attention must be paid 
to the signs of A, A, and 0. 

88. To change the reference of a curve from rectangular to 
oblique axes, the origin remaining the same, \,\, V <^ W^ 't b 

Let a, P be the angles formed by the positive directions of 
the new axes 0X\ Z' (Fig. 43) with the positive direction of 
OX, Let the old co-ordinates of a point P be a:, y ; and the 
new co-ordinates, x\ y'. Then from the right triangles ORN, 
FQIfwe readily obtain the formulas 

a; = a:' cos a -f y' cos fi, 

y = ar' sin a -f y' sin fi. 

Investigate the special case when )9 = a -f 9(f. 
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89. lb deduce lJi£ forrnulaa for finding the polar equation of 
a curve from its rectangular equation. 

Let 2r, y be the rectangular co-ordinates of any point P, and 
p, its polar co-ordinates. 




B X 



Y yf 



Fig. 44. 



(i.) Let the origin of rectangular co-ordinates be the pole, 
and let the polar axis coincide with the axis of x. 
Then (Fig. 44) qM^ OP co. MOP. ^ ' 

PM= OP sin MOP, 
Or x = p cos 0, 

y = p sin 0. 

(ii.) If the pole is the point (A, h), we have 

a: = A + p cos tf , 
y = A + p sin tf . 

(iii.) If the pole coincides with the origin, but the polar 
axis OA makes the angle a with the axes of re, we obtain 

a; = p cos (^ 4- a)) 
y = psin (tf + a). 

(iv.) If the pole is the point (A, A), and the polar axis 
makes the angle a with the axis of x^ 

a? = A + p cos (tf + a), 
y = * 4- p sin (tf + a). 
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90. lb deduce thef(yrmuUisforjmding the rectangular equa- 
tion of a curve from its polar equation. 

From the results in cases (i.) and (ii.) of § 89 (the only 
cases of importance), we readily obtain 

In ca^e (i.), p' = a;» + y», tan tf = 2. 

X 

In case (ii.), p' = {x- hy + (y- k)\ tantf = 2?— |. 

91. The degree of an equation is not altered hy passing from 
one set of axes to another. 

For, however the axes may be changed, the new equation 
is always obtained by substituting for x and y expressions of 
the form ^_f_jy^^ ^^^ a'x + Vy + c\ 

These Expressions are of the first degree, and therefore, if 
they replace x and y in the equation, the degree of the equa- 
tion cannot be raised. Neither can it be lowered; for if it 
could be lowered, it might be raised by returning to the 
original axes, and therefore to the original equation. 

Ex. 26. 

1. What does the equation y* — 4a?+4y + 8 = become 
when the origin is changed to the point (1, — 2) ? 

Transform the equation of the circle (x— ay+(t/ — by = r* 
by changing the origin 

2. To the centre of the circle. 

3. To the left-hand end of the horizontal diameter. 

4. To the upper end of the vertical diameter. 

5. What does the equation a^ + r/* = r* become if the axes 
are turned through the angle a ? 

6. What does the equation a;* — y* = a' become if the axes 
are turned through — 45** ? 
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13. a:* + y' = 8aa:; the pole (0, 0). 

14. «» + y* = Soar ; the pole (4a, 0). 

15. y»-6y-5a: + 9 = 0; the pole (|, 3). 

016. a:»-y*-4ar-6y-54 = 0; the pole (2, - 3). 
17. {p^ + y'y = V^{x'-y')', the pole (0,0). 

Transform the following polar equations to rectangular axes, 
the origin being at the pole and the axis of x coinciding with 
the polar axis : 

^^^ 18. /)" sin 20 = 2a\ 
"q~19. p = *sin2tf. 

20. p(sin3^ + cos3^) = 5)fc8intfcostf. 

21. Through what angle must a set of rectangular axes be 
turned in order that the new axis of x may pass through the 
point (5, 7)? 

O 22. The rectangular equation of a straight line is ^a;-f-^y 
+ 0= 0. Through what angle must the axes be turned in 
order 

(i.) that the term containing x may disappear ? 
(ii.) that the term containing y may disappear ? 

23.^ Deduce the following formulas for changing from one 

-set of oblique axes to another, the origin .remaining the same : 

^_ a;>ein(a)~a) ^ y'smjfo-p) ^% 

sin cu sin CO s^srS^'^'^^ 

y_ arising ^ y^sinff ^^^ 

sin CD sin o> 
Note. In these formulas » denotes the angle formed by the old axes, 
a and fi those formed by the positive directions of the new axes with the 
positive direction of the old axis of x. 

24. From the formulas of No. 23 deduce those of § 88. 



•CHAPTER V. 
THE PARABOLA. 

The Equation of the Parabola. 

92. A Parabola is the locus of a point whose distance from 
a fixed point is always equal to its distance from a fixed 
straight line. 

The fixed point is called the Focns ; the fixed straight line, 
the Directrix. 

The straight line through the focus, and perpendicular to 
the directrix, is called the Axis of the parabola. 

The intersection of the axis and the directrix is called the ' 
Foot of the axis. 
r The point in the axis half way between the focus and the\^;^ -yi^f 
directrix is, from the definition, a point of the curve ; this / ^^* ;^ 
point is called the Vertex of the parabola. lA^t-'JUA.^ 

^ The straight line joining any point of the curve to the focus 
is called the Focal Badins of the point. 

A straight line passing through the focus and limited by 
the curve is called a Fdcal Ohord. 

The focal chord perpendicular to the axis is called the Latus 
Sectiim or Parameter. 

9Si To coTistnict a parabola^ having given the focits and 
the directrix. 

I. £1/ Points, Let F (Fig. 45) be the focus, CE the direc- 
trix. Draw the axis FD, and bisect FD in A ; then A is the 
vertex of the curve. At any point M in the axis erect a per- 
pendicular. From F as centre, with DM as radius, cut this 
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perpendicular in P and Q \ then P and Q are two points of 
the curve, for FP = DM= distance of P or Q from CR In 
the same way we can find as many points of the curve as we 
please. After a sufficient number of points has been found, 
we draw a continuous curve through them. 
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Fig. 45. 



Fig. 46. 



II. By Motion, Place a ruler so that one of its edges 
shall coincide with the directrix DE (Fig. 46). Then place 
a triangular ruler BCE with the edge CE against the edge 
of the first ruler. Take a string whose length is equal to 
BC\ fasten one end at B and the other end at F, Then 
slide the ruler BCE along the directrix, keeping the string 
tightly pressed against the ruler by the point of a pencil P. 
The point P will trace a parabola ; for during the motion we 
always have PF= PO, 

04. To find the rectangular equaiion of the parabola^ when 
its axis is taken a>s the axis qfx and its vertex as the origin. 

Let F(Fig, 45) be the focus, CE the directrix, DFX Hie 
axis, A the vertex and origin ; also let 2p denote the known 
distance FD. 

Let P be any point of the curve ; then its co-ordinates are 
AM==x, PM=y. 
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Draw PCI, to CE\ then by the definition of the curve 

FP=^PC=DM. 
Therefore FF^DM*. 

Now FF = PM' + FM' = y' + (x^p)\ 

and DM*^{x+p)\ 

Therefore ^ + {x —pf = {x +^)'. 
Whence y^ = 4.px. [26] 

This is cal^d the principal equation of a parabola. 



*. 


T 




Q 








f 


D 
E 


A 




M X 



Fig. 47. 

96. Since y* and p in equation ' [26] are positive, a? must 
always be positive; therefore the curve lies wholly on the 
positive side of the axis of y. 

A further examination of equation [26] shows that the 
curve, (i.) passes through the origin, (ii.) is symmetrical with 
respect to the axis of x, (iii.) extends towards the right with- 
out limit, and (iv.) recedes from the axis of x without limit. 

96. Any point (A, A) is outside, on, or inside the parabola 
y^ = ^pXf according as 1^ — ^ph is positive, zero, or negative. 

Let Q be the point (A, h), and let its ordinate meet the 
curve in P. 
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If A" — 42>A=0, the point (A, *) satisfies equation [26], and 
therefore Q coincides with P. 

If A" — 4pA is positi ve, or i* > 4pA, then, since P3P=A^ph/ 
we have QHt >Plit^ or QM> PM\ hence Q is outside the 
curve. 

If ]^—^ph is negative, we may prove similarly that Q 
must be inside the curve. 

97. For x=p,y = dti2p. But these two values of y make 
up the latus rectum. Hence the lotus rectum = ^p. 

Cor. From the equation y* = 4^a?, it follows that 
x:y = y'Ap; 
that is, tfie lotus rectum is a third proportional to any abscissa 
and its corresponding ordinate, 

98. If (rci, yi) and (a:,, y,) be any two points on the parabola, 
we have y.-^ipx,, y^' = ^px^ 

Hence, yi» :y^ = x^:x^\ 

that is, the squares of the ordinotes of any two points on the 
parabola are to each other as thevr abscissas, 

99. lb find the points in which the straight line y = mx + e 
meets the parabola y* = ^px. 

Regarding these equations as simultaneous, and eliminating 
ar,wehave y_^ jf ^ » ' VnT 

From (2) it follows tnat y = mx + c has two distinct, two 
coincident, or no points in common with y* = 4^a?, according 
9&p — mc >, =, or < 0. 

Cor. If ^ — m<? = 0, or c=|?-*-m, y^mx + e will be a 

tangent; that is, p 

y = mx + ^ W 

•^ m 

~~ ' ^^lUgent to y" = 4|ja: in terms of its slope. 
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Ex. 28. 

^ 1. Show that the distance of any point of the parabola 
y' = ^jpx from the focus is equal to ^ + re. 

2. Find the equation of a parabola, taking as axes the 
axis of the curve and the directrix. 

3. Find the equation of a parabola, taking the axis of the 
curve as the axis of x and the focus as the origin. 

% 4. The distance from the focus of a parabola to the direc- 
trix = 5. Write its equation, 

(i.) If the origin is taken at the vertex, 
(ii.) If the origin is taken at the focus, 
(iii.) If the axis and directrix are taken as axes. 

5. The distance from the focus to the vertex of a parabola 
is 4. Write its equations for the three cases enumerated in 
No. 4. 

. 6. For what point of the parabola ^" = 180: is the ordi- 
nate equal to three times the abscissa ? • 

7. Find the latus rectum for the following parabolas : 
y* = 6a;, y* = 15a;, hy^ = ax. 

Find the points common to the following parabolas and 
straight lines : 

a 8. ^"=90?, 3a:~7y4-30 = 0. 

9. y* = 3a:, a:-4y + 12 = 0. 

10. y* = 4a?, a: = 9, a: = 0, x = — 2. 

11. y' = 4a:, y = 6, y = -8. 

O 12. What must be the value of ^ in order that the parabola 
y* = A^px may pass through the point (9, —12) ? 
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13. For wHat point of the parabola y* = 32a? is the ordi- 
nate equal to 4 times the abscissa ? 

^ 14. The equation of a parabola is y* = 8a?. What is the 
equation of (i.) its axis, (ii.) its directrix, (iii.) its latus rectum, 
(iv.) a focal chord through the point whose abscissa = 8,' (v.) a 
chord passing through the vertex and the negative end of the 
latus rectum ? 

15. The equation of a parabola is y* = 16ar, Find the 
equation of (i.) a chord through the points whose abscissas 
are 4 and 9, and ordinates positive ; (ii.) the circle passing 
through the vertex and the ends of the latus rectum. 

16. If the distance of a point from the focus of the parabola 
^ = ^px is equal to the latus rectum, what is the abscissa of 
the point ? 

'O 17. In the parabola y* = 4^a? an equilateral triangle is 
inscribed so that one vertex is at the origin. What is the 
length of one of its sides? 

18. A double ordinate of a parabola = Sp, Prove that 
straight lines drawn from its ends to the vertex are perpen- 
dicular to each other. 

Explain how to construct a parabola, having given 

^ 19. The directrix and the vertex. 

^ 20. The focus and the vertex. 

21. The axis, vertex, and latus rectum. - vA '• M 

Q 22. The axis, vertex, and a point of the curve. ^ - J 

^ 23. The axis, focus, and latus rectum. 

O 24. Determine, as regards size and position, the relations 
of the following parabolas : 
(i.) y» = ^px, (ii.) y« = - ^px, (iii.) x" = ^py, (iv.) a;»=-4/y. 
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Tanqents and Normals. 

lOOf lb find the eqtcation of the tangent cmd of the normal to 
the parabola y* = ^px at any point (ar„ yi). 

Let {xi^ yi)f (Xff y,) be any two points on the parabola ; then 
the equation of the secant through them is 

y~yi _ yi-yi (i) 

X — Xi Xt — Xi 

Since (a?i, yi) and (ar„ y,) are on the curve y*= 4pa?, we have 
yi* = 4^ari, yi^^px^. 

Whence ^^ZJ^^^i^. 

xx — x^ yt + yx 

By substituting in (1), the equation of the secant becomes 

^Hi^^-i^. (2) 

x — xi y, + yi 

Now if (a:,, y,) be made to coincide with (a?i, yi), (2) becomes 
the equation of the tangent at {xi, yi). Putting y, = yi, clear- 
ing of fractions, and remembering that yi = ^pxi, we obtain 
as the equation of the tangent at (xi, yi), 

yiy = 2i>(a5+fiCi). [27] 

The normal passes through (xi, yi), and is perpendicular to 
the tangent ; hence its equation is, by [27] and § 46, 

y-yi=-^(»-»i). [28] 

101. If in [27] we put y = 0, we obtain 

a: = - a?i, or TA = ^if (Fig. 48). 

Therefore the auitangent is bisected at the vertex. 

If in [28] we put y = 0, we obtain 

x=Xi + 2p:oTx — Xi[=MN] = 2p(F\gA8). 

Hence, the subnormal is constant and equal to the semi-lcUus 
rectum. 
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Cob. These properties furnish simple methods for drawing 
tangents to the parabola. Thus, to draw a tangent to the 
parabola at P (Fig. 48), draw the ordinate FM, lay off 
A T= AM, and draw FT, which will be the tangent at -P 
by § 101. Or lay off MN-= FD, and draw PJV; then FT 
perpendicular to PiVat F will be the tangent at P. 




Fig. 48. 

102. In the triangle FFT{Fig. 48) we have 
FT= FA + AT=p + X, 
FF==FC==DM=-DA + AM^p+x. 

Therefore FT= FF. 
Hence the angle 

FFT= FTF^ TFO, or 

The tangent to a parabola at any point makes equal angles 
with the axis of the curve and the focal radms to the point of 
contact. 
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£x. 29. 

1. The normal to a parabola at any point bisects the angle 
between the focal radius and the line drawn through the 
point parallel to the axis. 

Note. The use of parabolic reflectors depends on this property. A 
ray of light issning from the focns and falling on the reflector is reflected 
in a line parallel to the axis of the reflector. 

2. Explain how to draw a tangent and a normal to a given 
parabola at a given point. 

3. Prove that FO(Fig, 48) is perpendicular to FT, 

P 

4. Prove that the tangent y = mx +^ touches the parabola 



y* = 4ipx at the point { -£5, -^Y 



O 



5. Prove that the equation of a normal to the parabola 
y* = ^px in terms of its slope is y = mx — mp (2 + m'). 

6. What are the equations of a tangent and a normal to 
the parabola i/* = bx, passing through the point whose abscissa 
is 20 and ordinate positive ? 

7. What are the equations of the tangents and the normals Q 
to the parabola y'= 122:, drawn through the ends of the latus 

• rectum ? Find the area of the figure which they enclose. 

8. Given the parabola y*=10a;. Through the point whose 
abscissa is 7 and ordinate positive a tangent and a normal are 
drawn. Find the lengths of the tangent, the normal, the A 
subtangent, and the subnormal. 

9. A tangent to the parabola y* = 20 a; makes with the axis 
of X an angle of 45**. Determine the point of contact. 

10. Show that the focus F (Fig. 48) is equidistant from the 
points P, T, If. What easy way of drawing a tangent and a 
normal is suggested by this theorem ? 
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11. li Fib the focus of a parabola, and Q, B denote the 
points in which a tangent cuts the directrix and the latus 
rectum produced, prove that FQ = FB. 

12. Prove that tangents drawn through the ends of the 
latus rectum are J^ to each other. 

13. Find the distances of the vertex and the focus from the 

P 
tangent y = mx + —- 

Q 14. The points of contact of two tangents are (xi, y^ and 
(^ai ys). Find their point of intersection. 

15. A tangent to the parabola y* = ^px cuts equal inter- 
cepts on the axes. What is its equation ? What is the point 
of contact? What is the value of the intercept ? 

16. Through what point in the axis of x must tangents to 
the parabola y* = ^px be drawn in order that they may form 
with the tangent, through the vertex, aji equilateral triangle ? 

17. For what point of the parabola y* = ^px is the normal 
equal to twice the subtangent ? 

18. For what point of the parabola y* = A^px is the normal 
equal to the difference between the subtangent and the sub- 
normal ? 

19. Find the equation of a tangent to the parabola y* = 5a: 
parallel to the straight line 3ar — 2y + 7=0. Also find the 
point of contact. 

20. Find the equation of the straight line which touches 
the parabola y* = 12a: and makes an angle of 46** with the 
line y = 3a? -— 4. Also find the point of contact. 

"^ 21. Find the equation of a straight line which touches the 
parabola y* = 16a: and passes through the point (—4, 8). 

22. If a normal to a parabola meet the curve again in the 
point Q, find the length of PQ. 
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23. Prove by the secant method that the equation of a tan- 
gent to the parabola y* = ^px — 4^', at the point (rci, yi) is 

i/^ = 2p(x + Xi) — 4p\ 

24. Find the equations of the tangents and normals to the 
parabola y* — 8a; — 6y — 63 = 0, drawn through the points 
whose common abscissa = — 1. 

25. What are the equations of tangents to the following 
parabolas : 

(i.) y* = — 4^a?? (ii.) a^ = ^pr/? (iii.) x* — — 4pi/? 



Ex. 30. (RevieT^T-.) 

Note. If not otherwise specified, the axis of the parabola and the 
tangent at the vertex are to be assumed as axes of co-ordinates. 

^ What is the equation of a parabola, 

1. If the axis and directrix are taken as axes, and the focus 
is the point (12,0)? 

V 2. If the axis and tangent at the vertex are the two axes, 
and (25, 20) is a point on the curve ? 

3. If the same axes are taken, and the focus is the point 
(-4i.O)? 

>/4. If the axis is parallel to the axis of x, the vertex is the 
point (5, — 3), and the latus rectum = 5^ ? 

5. If the axis is the line y = — 7, the abscissa of the vertex 
= 3, and one point is (4, — 5) ? 

^ 6. If the curve passes through the points (0, 0), (3, 2), 
(3.-2)? 

7. If the curve passes through the points (0, 0), (3, 2), 
(-3.2)? 
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'^S. What is the latus rectum of the parabola 2y* = 3a;? 
What is the equation of its directrix, and of the focal chords 
passing through the points whose abscissa = 6 ? 

9. Describe the change of form which the parabola y'= 4^rr 
undergoes as we suppose p to diminish without limit. 

s 10. Find the intercepts of the parabola y*+4ar — 6y — 16 = 0. 

11. One vertex of an equilateral triangle coincides with the 
focus, and the others lie in the parabola y* = ^px. Find the 
length of one side. 

v^l2. The latus rectum of a parabola = 8 ; find 

(i.) Equation of a tangent through its positive end. 
(ii.) Distance from the focus to this tangent, 
(iii.) Equation of the normal at this point. 

13. What is the equation of the chord passing through the 
two points of the parabola y*=Sx for which ari= 2, yi > 0^ 
and ar,=18, y,<0? 

^r^. 14. Find the equation of the chord of the parabola y*=4^a; 
which is bisected at a given point (rci, y^, 

15. In what points does the line a;+y = 12 meet the para- 
bola y»+ 2a:- 12^^+16=0? ;^(>'' - '---y 

, 16. In what points does the line 3y = 2a; + 8 meet the 
parabola 3^ — 40; — 8y + 24 = 0? ; ' ' -' ' y 

17. Find the equations of tangents from the origin to the 
^ parabola (y — J)' = 4^(a: — a). 

., 18. Describe the position of the parabola y*+2a: + 4 = 
with respect to the axes, and determine its latus rectum, 
vertex, focus, and directrix. 

19. What is the distance from the origin to a normal drawn 
through the end of the latus rectum of the parabola 
V y" = 4a(ar — a)? 
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vv ^ ^ ^^* ^^ ^^® equation of a tangent is 4y = 3a; — 12. 
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, Find the equation of a parabola, 

20. If the equation of a tangent 

21. If a focal radius = 10, and its equation is 3y = 4a:~8. 

d ^ 22. If for a point of the curve the focal radius = r, the 
length of the tangent = t 

^ 23. If for a point of the curve the focal radius = r, the 
length of the normal = n, 

Q V 24. If for a point of the curve the length of the tangent = <, 
the length of the normal = n. 

25. If for a point of the curve the focal radius = r, the 
subtangent = s. 

;0 /^26. Two parabolas have the same vertex, and the same 
latus rectum 4^, but their axes are -L to each other. What 
is the length of their common chord ? 

27. Through the three points of the parabola y*=12a?, 
whose ordinates are 2, 3, 6, tangents are drawn. Show that 
the circle circumscribed about the triangle formed by the 
tangents passes through the focus. ^ 

-O 28. A tangent to the parabola y* = Apx makes the angle)]^ ^ /^ 
^ 30** with the axis of x. At what point does it cut the axis ? / 

^ • 29. For what point of the parabola y* = ^px is the length \ y^ 

y //-'^fv^oV the tangent equal to 4 times the abscissa of the point of) ^ 

contact ? ( ^ > V 



30. The product of the tangent and normal is equal to 
twice the square of the ordinate of the point of contact. Find 
the point of contact and the inclination of the tangent to the 






axis of X. ( K-:^ 

31. Two tangents to a parabola are perpendicular to each 
other. Find the product^ of their subtangents. 
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32. Prove that the circle described on a focal radius as 
diameter touches the tangent drawn through the vertex. 

33. Prove that the circle described on a focal chord as 
diameter touches the directrix. 

Find the locus of the middle points 

\ 34. Of all the ordinates of a parabola. 

\ 36. Of all the focal radii. 
36. Of all the focal chords. 
^ 'A. V 37. Of all chords passing through the vertex. 
fff^ 38. Of all chords that meet at the foot of the axis. 

*^ V V Tw^ tangents to the parabola y' = 4:px make the angles 
0j 6' with the axis of z ; find the locus of their intersection 

^ 39. If cote + cotd' = *. 41. If t&netB.ne'=h 

^40. If cot $ - cot ff = k. 42. If sin tf sin ^ = *. 

43. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line. 

SUPPLEMENTARY PROPOSITIONS. 

103i Ihvo distinct, two coincident^ or no real tangents can be 
dravm to a parabola from any point (h, k), according as the 
point is luithoiUy on^ or within the curve. 

Let the tangent y = ww? + — pass through the points (A, h) ; 

m 
or Am' — Jem +p =■ 0. 
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Whence ^^ ^±Vy-4pA 

2A 
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These values of m are real and unequal, equal, or imaginary, 
according as A* — 4pA >, =, or < ; that is, according as (A, k) 
is without, on, or within the parabola ; hence the proposition. 

104. To find the equation of the chord of contact of two tan- 
gents drawn from any external point (A, k) to the parabola 
y" = ^px. 

Let (xi, yi) and (:r„ y,) be the points of contact ; then the 
equations of the tangents are 

yty = 2p(x + xt). 

Since (A, k) is in both these lines, we have 

iy, = 2X^, + A), (1) 

ht = 2p(x, + h). (2) 

From equations (1) and (2) we see that both the points 
(^1) t/i) &nd (x^t y,) lie in the straight line whose equation is 

h/ ^2p(x + h). (3) 

Hence (8) is the equation required. 

106. To find the eqiuUicn of the polar of the pole (A, k) with 
regard to the parabola y* = ^px. 

Let P be the fixed point (A, A), 
PQR one position of the revolving 
chord, and let the tangents at Q 
and R intersect in Pi{xi, y^ ; it is 
required to find the locus of Pi, 
as the chord turns about P, 

Since PR is the chord of con- 
tact of tangents drawn from the 
point Pi{xi, yi), its equation is 
(§104) 




yiy = 2p{x + ari). 



Fig. «. 



(1) 
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Sinee (1) passes through (A, h\ we have 

y^k = 2p{h+x,). ' (2) 

But (oTi, yi) is any point on the required locus, and by (2) its 
co-ordinates satisfy the equation 

Jcy^2p{x+k). (3) 

Hence (3) is the required equation, and the polar is a 
straight line. 

OoR. When the pole (A, k) is on the curve, the polar is evi- 
dently a tangent at (A, k) ; when the pole (A, k) is without the 
curve, the polar is the chord of contact of tangents from (A, A). 
Thus the tangent and chord of contact are particular cases of 
the polar. 

Proposition 74 holds true for poles and polars with respect 
to a parabola, and may be proved as in the case of the circle. 

106. To find the locus oj the middle poirds of parallel chords 
in the parabola y* = A^px. 




Fig. 50. 



Let the equation of any one of the chords PQ (Fig. 50) be 
y =ma;+c, and let it meet the curve in the points (iPi,yi), 
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Then (§ 100) m = ^P . (1) 

Let (ar,y) be its middle point M\ then 2y = yi+y2. By 
substitution in (1) we obtain 

m =—, or y=— , (2) 

a relation which holds true for all parallel chords, because m 
is the same for all the chords. The required locus, therefore, 
is represented by (2), and is a straight line parallel to the 
axis of Xy and called a diameter of the parabola. 

Therefore every diameter of a parabola is a straight line 
parallel to its axis. 

Conversely, every straight line parallel to the axis is a 

diameter; for m, and therefore -^, may have any value. what- 
ever. 

107. Let the diameter through iif meet the curve at S, and 
conceive the straight line PQ to move parallel to itself till P 
and Q coincide at S] then the straight line becomes the tan- 
gent at /S; therefore 

The tangent dravm through the extremity of a diameter is 
parallel to the chorda of that diameter. 

108. From the focus F draw FC ± to PQ, and let FO 

meet the directrix in the point 0, If denote the angle 
which the chord PQ makes with the axis of ar, it easily follows 
that DOF= ; then we have 

OD = FI) cote =^^; 
m 
hence, by (2), § 106, 

The perpendicular from thefoctis to a chord meets the diam- 
eter of the chord in the directrix. 

Moreover, since DlS (Fig. 50) is parallel to QP, the perpen- 
dicular from the focus to a tangent meets the diameter through 
the point of contact in the directrix. 
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109. Let the tangents drawn through F and Q meet in the 
point T. Regarding their equations, 

as simultaneous, we obtain for the value of the ordinate of T 
2p(a:.-a:0^2g 

^ y.-yi rn ^"""-^ 

TarigenU drawn thrcmgh the ends of a chxyrd meet in the 
diameter of the chord, 

110. To find the locus of the foot of a perpendicular from the 
focvLS to a tangent. 

Let the equation of the tangent be 

Then the equation of the perpendicular will be 

X p 

y = h— • 

^ 771 ' m 

Since these two lines have the same intercept on the axis 
of y, they meet in that axis ; hence the tangent through the 
vertex is the required locus. 

in. Since FF==FC (Fig, 48) and angle EFC^EPF 
therefore the tangent PTis perpendicular to FOeX its middle 
point, and every point in it is equally distant from -Fand 0. 

112. Tangents at right angles intersect in the directrix. 
Let the equation of one tangent be 

y = mx + i.. (1) 

m 

Then the equation of the other is 

y = ---m^. (2) 

Subtracting (2) from (1) we obtain fpr their common point 
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But m + — cannot be zero; hence x+p = 0, or x = —p^ 
which is the equation of the directrix. 

113. The polar of the focus {p, 0) is 

• = 2p(ar +p)f or a? = —p. 

Hence, the polar of the focica is the directrix, or tangents ai 
the ends of a focal chord intersect in the directrix, 

CoR. From this result and § 112 it follows that tangents 
through the ends of a focal choo-d intersect at right angles, 

114. To fund the eqitation of a parabola referred to any 
diameter and the tangent through its extremity as axes. 

Transform the equation y^ = A^px to the diameter 8X^ 
(Fig. 51) and the tangent through 8 as new axes. Let m be 
the slope of the tangent, the angle which the tangent makes 
with the diameter ; then m = tan 0. 
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Fig. 51. 

First transform to new parallel axes through S. 
Now by § 106, JB8=^ 2p-s-m ; hence from y* = Apx we obtain 
AB =2> ^ w'. Therefore the new equation is 

or mi^ + ^py =? ^pmx: (1) 
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Now retain the axis of x, and turn the axis of y till it coin- 
cides with the tangent at 8\ then for any point P we have 
The old X = 8R. The new x = 8N, 

The old y = RP. The new y = NP, 

Now it is easily seen from Fig. 52 that 

8R = 8N+ NP cos e, RP== NP sin B, 




Fig. 52. 



Therefore equation (1) is transformed to the new system by 
writing a?+y costf in place of a?, and ysintf in place of y. 
Making this substitution, remembering that m = tand, and 
reducing, we obtain .4© ,r^^ 

an equation of the same form as y* = ^px. 

Join 8 to the focus JT, and denote F8 by p^ ; then 
p _p(l + 'm*)_ p 



p^=p + AB-- 






m* sin*tf 

Therefore equation (2) may be more simply written 

y' = Va;, (3) 

where p^ is the distance of the origin from the focus. It is 
easy to see that this equation includes the case where the 
axes are the axis of the curve and the tangent at the vertex. 

The quantity 4^' is called the Parameter of the diameter 
passing through 8, "When the diameter is the axis of the 
curve, it is called the Frindpal Parameter. 
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Cob. Let the equation of a parabola referred to any diam- 
eter, and the tangent at the end of that diameter as axes, 
be y" = 4^'a;. Since the investigations in §§ 99, 100 hold 
good whether the axes are at right angles or not, it follows 
immediately that the equation of the tangent at any point 
(^ii yi) is y,y = 2p\x + x^, and that the straight line 

y = ma: + ^ will touch the parabola for all values of m. 

116. To find the polar equation of the parahoh,^ the focus 
being the pole. 

Let P be any point (p, 6) of the 
curve; then 

p^FP=^NP-=^DM=2p+FM 

= 2^ + p cos fl. 



•••P = i 



[29] 
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1 — cosO 

Discussion of [29] : pi^, 53. 

Since cos cannot exceed -f 1, p is positive for all values of 0, 
For — 0, costf=l, andp = oo. 

This shows that the axis of the parabola does not cut the 
curve to the right of the focus. 



For fl = iir, cosfl= 
Forfl= IT, costf = — 1 
Forfl = tir, co8fl= 
Forfl = 2ir, co8fl= 1 



/. p = 2^ = semi-latus rectum. 
.•.p= p=.FA, 
,\p = 2p = FR\ 

,'. p = 00. 



As 6 increases from zero to ir, p decreases from oo to^. As 
increases from ir to 2ir, p increases from p to oo. 
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Ex. 31. 

1. Given a parabola, to draw its axis (§ 106). 

2. Prove that the perpendicular dropped from any point 
of the directrix to the polar of the point passes through the 
focus. 

3. To find by construction the pole of a focal chord. 

4. Prove that through any point three normals can be 
drawn to a parabola. 

5. Tangents are drawn through the ends of a chord. 
Prove that the part of the corresponding diameter contained 
between the chord and the intersection of the tangents is 
bisected by the curve. 

6. Focal radii are drawn to two point4Si of a parabola, and 
tangents are then drawn through these points. Prove that 
the angle between the tangents is equal to half the angle 
between the focal lines. 

7. Show that if the vertex is taken as pole, the polar equa- 
tion of a parabola is _ 4;p cos 6 

^ sin'tf * 

8. Explain how tangents to a parabola may be drawn from 
an exterior point (§ 102). 

9. Having given a parabola, how would you find its axis, 
directrix, focus, and latus rectum ? 

10. From the point (— 2, 5) tangents are drawn to the . 
parabola y* = 6a?. What is the equation of the chord of 
contact ? 

11. The general equation of a system of parallel chords in 
the parabola 7y* = 26a? is 4a: — 7y + A = 0. What is the 
equation of the corresponding diameter ? 
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12. In the parabola 3/* = 13a:, what is the equation of the 
ordinates of the diameter y +11 = ? 

13. In the parabola y^=6x, what chord is bisected at the 
point (4, 3) ? 

14. Given the parabola y' = 4ipx ; find the equation of the 
chord which passes through the vertex and is bisected by the 
diameter y = a. How can this chord be constructed ? 

16. The latus rectum of a parabola = 16. What is the 
equation of the curve if a diameter at the distance 12 from 
the focus, and the tangent through its extremity, are taken as 
axes? 

16. Show that the equation of that chord of the parabola 
3/* = 4tpx which is bisected at the point (A, k) is 

]t(7/-k) = 2p(x'-^k). 

17. Prove that the parameter of any diameter is equal to 
the focal chord of that diameter. 

18. Prove that the locus of y»- 6y- 8a: + 25 = is a 
parabola whose axis is parallel to the axis of x ; and deter- 
mine the latus rectum, the vertex, the focus, the axis, and the 
directrix. 

19. Prove that in general the locus of y^+ Ax+ By+C-=0 
is a parabola whose axis is parallel to the axis of x ; and deter- 
mine its latus rectum, vertex, and axis. 

20. Prove that in general the locus oix^+Ax-{-JBy+O=0 
is a parabola whose axis is parallel to the axis of y ; and deter- 
mine its latus rectum, vertex, and axis. 

21. Find the locus of the centre of a circle which touches a 
given circle and also a given straight line. 

22. The area and base of a triangle being given, find the 
locus of the intersection of perpendiculars dropped from the 
ends of the base to the opposite sides. 



CHAPTER VI. 
THE ELLIPSE. 

Simple Properties of the Ellipse. 

116. The Hlipse is the locus of a point, the sum of whose 
distances from two fixed points is constant. 

The fixed points are called Foci; and the distance from any 
point of the curve to a focus is called a Fooal Badins. 

The constant sum is denoted by 2 a, and the distance be- 
tween the foci by 2 c. 

The fraction - is called the Eooentridty, and is represented 
a 

by the letter e. Therefore c = a€. 

In the ellipse a > c ; that is, e < 1. 

If a = c, the locus is simply the limited straight line joining 
the foci. 

If a < c, from the definition it is clear that there is no locus. 

117. To construct an ellipse^ having gi/ven the foci and the 
constant sum 2 a. 

I. By Motion. Fix pins in the paper at the foci. Tie a 
string to them, making the length of the string exactly equal 
to 2 a. Then press a pencil against the string so as to make 
it tense, and move the pencil, keeping the string constantly 
stretched. The point of the pencil will trace the required 
ellipse ; for in every position the sum of the distances from 
the point of the pencil to the foci is equal to the length of the 
string. 
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II. By Paints. Let F, F' be the foci ; then FF*=2c. 
Bisect FF' at 0, and from lay off OA = OA' = a. 

Then A^A = 2a, F^A^^FA, 

A'F+A'F = A'F+FA =2a, 
^i^' + ^i^ =AF'+F'Af = 2d. 

Therefore A and ^' are points of the curve. 

Between F and F^ mark any point X; then describe two 
arcs, one with i^as centre and AX as radius, the other with 
F as centre and A'X as radius : the intersections P, Q of 




these arcs are points of the curve. By merely interchanging 
the radii, two more points, jB, /S, may be found. 

After a sufficient number of points has been obtained, draw 
a continuous curve through them. 

118. The line A A' is the Transverse or Hajor Axis, A^ A' 
the VerticeB, and the Centre of the curve. 

The line jBjB', perpendicular to the major axis at 0, is the 
OonjxLgate or Mmor Axis ; its length is denoted by 2b. 

Show that B and B' are equidistant from the foci, that 
£F=a, that BO = b, and that a» = y+c»=i*+aV. 
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119. 7b find the eqiuttion of the ellipse, having given the 
fod and the constant sum 2a. 

B 




Fig. 55. 

Take the line AA^ (Fig. 55), passing through the foci, as 
the axis of x, and the point 0, half way between the foci, as 
origin. Let P be any point (ar, y) of the curve, and let r, / 
denote the focal radii of P. Then from the definition of the 
curve, and from the right triangles PPM, FPM, 





y = 2^ +(<? + «:)» 


(1) 




**=y»+(c-a:)' 


(2) 


By addition, 


r» + r' = 2(a;'+y' + <!0. 


(3) 


By subtraction, 


r" — r* = 4ca;. 


(4) 


But 


r' + r = 2o. 


(5) 


By division. 


. 2ca? 
r — r = — • 
a 


(6) 


By subtraction, 


ex . - 
r = o--=[o-ea;]. 


(7) 


By addition. 


»-' = o+^ = [« + «»]. 


(8) 


Put in (3), 2( 


'a' + ^=2(a;« + y' + c»). 


(9) 



Reduce, and substitute i' in place of a* — c* (§ 118), 



[30] 
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Cor. If the transverse axis were on the axis of y, and the 
conjugate on the axis of a;, the equation of the ellipse would 
evidently be' ^^t = \ nm 

yL20. To trace the form of the curve from its equation. 

The intercepts on the axis of x are +* ^^d —a; on the 
axis of y, +i and — b. 

Only the squares of the variables x and y appear in the 
equation ; hence, if it is satisfied by a point {x, y), it will also 
be satisfied by the points {x, — y), {—x, y), (— x, — y). There- 
fore we infer that 

(i.) The curve is symmetrical with respect to the aods of x. 

(ii.) The curve is symmetrical with respect to the axis ofy. 

(iii.) The curve is symmetrical with respect to the centre 0, 
which bisects every chord passing through it. This explains 
why is called the centre. 

Since the sum of ( - | and {%] is 1, neither of these squares 
\aj \hj 



can exceed 1 ; therefore the maximum value of a: is + a, and 
the minimum value —a, while the corresponding values of y 
are +i and — i. Therefore the curve is wholly contained 
within the rectangle whose sides are a; = ± a, y == =±: &. 

121. To trace the changes in the form of the ellipse when the 
semi-axes are supposed to change. 

Let a be regarded as a constant, and i as a variable. 

(i.) Suppose b to increase. Then c decreases (since c^^a* 
^ i'), e decreases, the foci approach the centre, and the ellipse 
approaches the circle. 

(ii.) Leti=a. Then c = 0, e = 0, the foci coincide with 
the centre, the ellipse becomes a circle of radius a, and equa- 
tion [30] becomes the equation of the circle, 

a^ + y' = a\ 
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(iii.) If we suppose b to decrease to (a remaining con- 
stant), c will increase to a, e will increase to 1, while the 
curve will approach, and finally coincide with, the major axis, 
its equation at the same time becoming y = 0. 

122. Let (xi, t/i) and (a;,, y,) be any two points on the ellipse 
iV + aV = «'i' ; tlien we have 

Dividing and factoring, we have 

yi : t/t : :(a — Xi) (a + Xi):{a — x;)(a + x^). 

That is, the squares of any two ordinates of the ellipse are to 
each other as the products of the segments into which they divide 
the major axis, 

123. It follows from § 119 that a point (A, k) ib on the 
ellipse represented by the equation [30], provided 

It may be shown by reasoning similar to that employed in 

§ 96 that the point (A, k) is outside or inside the curve, accord- 

A' P 
ing as — + Ti — 1 is positive or negative. 

^ 124. If A, 5, Call have the same sign, every equation of 
the form Aa^ + By'^C (1) 

may be reduced to the form 

-i+|i = l, or ^, + ^=1. 
Hence every equation of the form of (1) represents an ellipse 
whose semi-axes are -O-j and -^-^ . The transverse axis lies 

on the axis of x or the axis of y, according as -4 is less or 
greater than B. 
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y( 126. The chord passing through either focus perpendicular 
80 the major axis is called the Latos Bectnm or Parameter. 
To find its length, put a: = <? in the equation of the ellipse. 



Then 



Therefore the latus rectum = — = ■- — l 

a [^2aj 

Forming a proportion from this equation, we have 

2a:2b::2b: latus rectum ; 

that is, the lotus rectum is a third proportional to the major 

and the minor axis. 

126. The circle having for diameter the major axis of the 
ellipse is called the Aiiziliary Oirde ; its equation is 

x' + t/' = a\ 
The circle having for diameter the minor axis is called the 
Minor Auxiliary Oirde | its equation is 
x' + y' = b\ 




Fig. 56. 



If F (Fig. 56) is any point of an ellipse, and the ordinate 
MF produced meets the auxiliary circle in Q, the point Q is 
said to correspond to the point F. 

The angle QOMia called the Booentrio Angle of the point P, 
and denoted by the letter ^. 
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V 127. Let y, y represent the ordinates of points in an ellipse 
and the auxiliary circle respectively, corresponding to the 
same abscissa x. Then from the equations of the two curves 
we have 



Whence y:y^^=b\a^ 

or, the ordinaiea of the ellipse and the atixiliary circle, corre- 
spending to a common abscissa, are to each other in the constant 
ratio of the semirminor and semi-major axes of the ellipse, 

, 128. The principle of § 127 furnishes the following easy 
method of constructing an ellipse by points when its axes are 
given : 



X^^^ 


B ^^ / 


Ex 


r 




^^ 


i' ( 


■) A 


f ^ 



Rg. 57. 

Construct both the major and minor auxiliary circles (Fig. 
57) ; draw any radius cutting the circles in R and Q ; through 
Q draw a line parallel to OB, and through R draw a line 
parallel to OA ; the intersection P of these lines is a point on 
the ellipse. For we have 

MP:MQ = OR : OQ, 
or MP \'kf — h \a. 

From this proportion and that in § 127, we have MP=^y ; 
hence P is a point on the ellipse. In like manner any num- 
ber of points may be found. 
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► = i sin ^. J 



(1) 



CoE. From Fig. 57, we have 

a:= 0M= OQ cos ^ = a cos ^, 
y = MF= 0N= OR sin ^ 

Equations (1), which express the co-ordinates of any point 
of the ellipse in terms of its eccentric angle, may be used as 
the equations of the ellipse. To obtain from them the com- 
mon equation, we have 

- = cos^, and ^=sin^. 
a 



Therefore ^ + ^=cos*^ + sin*^ = l. 



\( 129. To find the area of an ellipse. 

Divide the semi-major axis OA (Fig. 58) into any number 
of equal parts, through any two adjacent points of division 
M, If erect ordinates, and let the ordinate through ilf meet 




the ellipse in P and the auxiliary circle in Q. Through P, Q 
draw parallels to the axis of x, meeting the other ordinate in 
B, S, respectively. Then (§ 127) 

area of rectangle MPRN _ MP ^ h 
area of rectangle MQ8N MQ a 
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And a similar proportion holds true for every correspond- 
ing pair of rectangles. 

Therefore, by the Theory of Proportion, 

sum of rectangles in ellipse _ b 
sum of rectangles in circle a 

This relation holds true however great the number of rec- 
tangles. The greater their number, the nearer does the sum of 
their areas approach the area of the elliptic quadrant in one 
" case, and the circular quadrant in the other. In other words, 
these two quadrants are the limits of the sums of the two 
series of rectangles. Therefore, by the fundamental theorem 
of limits, 

area of elliptic quadrant __ b 
area of circular quadrant a 

Multiplying both terms of the first ratio by 4, 

area of the ellipse _ b 
area of the circle a 

But the area of the circle = ira* ; therefore 

area of the ellipse = ira6« {31] 

. Ex. 32. 
What are a, i, c, and e in the ellipse whose equation is 

25^16 

2. z' + 2y' = 2? 

3. 3a:' + 4y' = 12? 

4. Ax'+£y'=l? 

5. Find the latus rectum of the ellipse Sis' + 7f^ = 18. 

6. Find the eccentricity of an ellipse if its latus rectum is 
equal to one-half its minor axis. 
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What is the equation of an ellipse if 

7. The axes are 12 and 8? 

>r8. Major axis = 26, distance between foci = 24 ? 

9. Sum of axes = 54, distance between foci = 18 ? 

10. Latus rectum = ^^ eccentricity = -J ? 

11. Minor axis = 10, distance from focus to vertex = 1 ? 

12. The curve passes through (1, 4) and (—6, 1) ? 

13. Major axis = 20, minor axis = distance between foci ? 

14. Sum of the focal radii of a point in the curve = 3 times 
the distance between the foci? 

15. Prove that the semi-minor axis is a mean proportional 
between the segments of the major axis made by one of the 
foci. 

16. What is the ratio of the two axes if the centre and foci 
divide the major axis into four equal parts ? 

17. For what point of an ellipse is the abscissa equal to the 
ordinate ? 

Find the intersections of the loci 

18. Sx' + 6y' = ll and y = x + l. 

19. 2a;» + 8y* = 14 and y« = 4ar. 
^20. a;» + 7y* = 16 and a:» + y» = 10. 

21. The ordinates of the circle a^-{-y'=r^ are bisected; 
find the locus of the points of bisection. 

22. A straight line AB so moves that the points A and B 
always touch two fixed perpendicular straight lines. Show 
that any point P in AB describes an ellipse, and find its 
equation. 
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23. What is the locus of Aa? + B^ = when C is zero? 
When is this locus imaginary ? 

24. Prove that the abscissas of the ellipse iV + ay = a'i' 
are to the corresponding abscissas of the minor auxiliary circle, 
a? + y* = b^i as a:i. 

25. Construct an ellipse by the method of § 128. 

26. Construct an ellipse, having given c and b. 

27. Construct the axes of an ellipse, having given the foci 
and one point of the curve. 

28. Construct the minor axis and foci, having given the 
major axis (in magnitude and position) and one point of the 
curve. 

29. A square is inscribed in the ellipse 

Find the equations of the sides and the area of the square. 

Tangents and Normals. 

180. To find the equations of a tangent and a normal to an 
ellipse^ having given the point of contact (rci, t/i). 
Taking the equation of the ellipse, 

and the equation of the straight line through (xi, yi) and 

X — Xi Xi — Xi 

and proceeding as in § 64, we obtain as the equation of a 
secant through (arj, y,) and (x^, y,) 

y-yi _ bXxi + x^) 
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Now make x^ = Xi, yt—yi\ then the chord becomes a tan- 
gent, and y-y.^ b\x, + x;) 

x-x^ a'(yi + y,) 

becomes ^""^^ = _5l , 

x — x^ ay I 

which reduces to ?^ + f^ = i, [82] 

From the equation above it appears that the value of the 
slope of the tangent, in terms of the co-ordinates of the point 
of contact, is j,^ 

The normal is perpendicular to the tangent, and passes 
through (fl?i, yi) ; therefore its equation is easily found (by the 
method of § 45) to be 

y-y'^wl^*-*^)- [83] 

131. To find the svhtangent and siibnarmaL 

Making y = in [32] and [33], and then solving the equa- 
tions for X, we obtain : 

Intercept of tangent on axis of a? = — > 

Xi 

Intercept of normal on axis of a? = -|a?j = ^Xi, 

Whence the values of the subtangent and the subnormal 
(defined as in § 63) are easily found to be as follows : 

Subtangent = ^l=^, [34] 

Subnormal s—^fl^. [35] 
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lS2t If tangents to ellipses having a common major axis are 
drawn at points having a common abscissa, they vnU meet on 
the axis of x. 

For in all these ellipses the values of a and x are constant, 
and therefore (by § 131) the tangents all cut the same inter- 
cept from the axis of x. 
Y 

a 




Fig. 59. 



183. The normal at any point of an ellipse bisects the anjgle 
formed by the focal radii. 

The values of the focal radii for the point P (Fig. 59) were 
found in § 119 to be 

PF=a — exiy FF' = a + eXi. 

If the normal through F meets the axis of x in If, OIf=^x 
(§ 131) ; and therefore 

NF = c ~ ^Xi = ae — ^Xi = e(a — ex), 
NF*-= c + ^Xi = ae-\- ^Xi = e(a + ear). 

Therefore NF\ NF' = FF: FF', 
or the normal divides the side FF' of the A FFF' into two 
parts proportional to the other two sides. Therefore (by 
Geometry) FFIf= F'FN. 

The tangent FT, being perpendicular to the normal, must 
bisect the angle FFO, formed by one focal radius with the 
other produced. 
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134. To draw a tangent and a normal through a given point 
of an ellipse, 

I. Let P (Fig. 60) be the given point. Describe the aux- 
iliary circle, draw the ordinate PM, produce it to meet the 
circle in Q, draw QT tangent to the circle and meeting the 
axis of X in T, and join PT\ then PTis a tangent to the ellipse 
(§ 132). Draw PNl, to PT\ PN'ib Oie normal at P. 




N M 
Rg. 60. 

II. Draw the focal radii, and bisect the angles between 
them. The bisectors are the tangent and the normal at the 
point P (§ 133). 

1^35. To find the equation of a tangent to an ellipse in terms 
of its slope. 

This problem may be solved by finding under what condi- 
tion the straight line 

y = mx + c (1) 

will touch the ellipse iV + ay = aV. (2) 

Eliminating y from (1) and (2), and then solving for x, we 
find two values of x : 

_ — ma^c zb ab^w^a^ + &* — c* 
^"^ mV + i' 

These values will be equal if 

mV + 6'~c* = 0, or c==h VmV + i*. 



150 ANALYTIC GEOMETRY. 

If the two values of x are equal, the two values of y must 
also be equal from equation (1). 

Therefore the two points in which the ellipse is cut by the 
line will coincide if c = ± VmV + i*. 

Hence the straight line 

y = «iMC±V^^»+F [36] 

will touch the ellipse for all values of m. 

Since either sign may be given to the radical, it follows that 
two tangents may be drawn to an ellipse, having the same 
slope. 

186. To find the locus of the intersection of two tangents to 
an ellipse which are perpendicular to each other. 

Let the equations of the tangents be 

y = mx -{- Vw V + 6", (1) 

y = m'a;+Vm^V+y. (2) 

The condition to be satisfied is 

7nw' = — 1, or m' = • 

If we substitute for mf in equation (2) its value in terms of 
m, the equations of the tangents may be written 

y — mx^^mW + b^ (8) 

my + x = Va' + mV. (4) 

The co-ordinates, x and y, of the intersection of the tangents 

satisfy both (3) and (4) ; but before we can find the constant 

relation between them we must first eliminate the variable m. 

This is most easily done by adding the squares of the two 

equations ; the result is 

(l + mV + (l + ^V = (l + ^')(a' + *'). 
or a;' + y» = a' + y. 

The required locus is therefore a circle. This circle is 
called the Director Qirde of the ellipse. 
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Ex. 33. 



1. What are the equations of the tangent and the normal 
to the ellipse 2a:*+3y'=35 at the points whose abscissa = 2? 

2. What are the equations of the tangent and the normal to 
the ellipse 4a:'+9y'=36 at the points whose abscissa = — f ? 

3. Find the equations of the tangent and the normal to the 
ellipse a:* + 43/* = 20 at the point of contact (2, 2). Also find 
the subtangent and the subnormal. 

4. Show that the line y = a; + Vf touches the ellipse 
2a:« + 33/» = l. 

5. Required the condition which must be satisfied in order 
that the straight line —+^ = 1 may touch the ellipse 

6. In an ellipse the subtangent for the point (3, ^) is — -V, 
the eccentricity = f . What is the equation of the ellipse ? 

7. What is the equation of a tangent to the ellipse 
9a;' + 643/* = 576 parallel to the line 2y = a?? 

8. Find the equation of a tangent to the ellipse 3a;*+5y'=15 
parallel to the line 4a; — 3y — 1 = 0. 

9. In what points do the tangents which are equally inclined 
to the axes touch the ellipse iV + a^ = a'i* ? 

10. Through what point of the ellipse JV + aV = a'J' 
must a tangent and a normal be drawn in order that they 
may form, with the axis of a; as base, an isosceles triangle ? 

11. Through a point of the ellipse JV + aV = «'^'» and 
the corresponding point of the auxiliary circle a;* + y" = a*, 
normals are drawn. What is the ratio of the subnormals ? 
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12. For what points of the ellipse i V + a'y* = c?V is th^ 
subtangent equal numerically to the abscissa of the point of 
contact? 

13. Find the equations of tangents drawn from the point 
(3, 4) to the ellipse 16 a:" + 25y' = 400. 

14. What are the equations of the tangents drawn through 
the extremities of the latera recta of the ellipse 4a:*+9y*= 36a* ? 

15. What is the distance from the centre of an ellipse to a 
tangent making the angle ^ with the major axis ? 

16. What is the area of the triangle formed by the tangent 
in the last problem and the axes of co-ordinates ? 

17. From the point where the auxiliary circle cuts the 
minor axis produced tangents are drawn to the ellipse. Find 
the points of contact. 

18. Prove that the tangents drawn through the ends of 
^ chord through the centre are parallel. 

19. Find the locus of the foot of a perpendicular dropped 
from the focus to a tangent. 

Ex. 34. (Review.) 

1. Given the ellipse 36ar* + lOOy* = 3600. Find the equa- 
tions and the lengths of focal radii drawn to the point (8, -^). 

2. Is the point (2, 1) within or without the ellipse 
2ar» + 33/» = 12? 

Find the eccentricity of an ellipse 

3. If the equation is 2a;' + 3y' = 12. 

4. If the angle ^FBF* = 90^ (see Fig. 54). 

5. If LFE is the latus rectum and LOR is an equilateral 
triangle (i^ being the fociis, the centre). 
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Find the equations of tangents to an ellipse 

6. If they make equal intercepts on the axes. 

7. If they are parallel to BF (Fig. 54). 

8. Which are parallel to the line - + t = 1 (a and J being 
the semi-axes). 

9. Find the equation of a tangent in terms of the eccentric 
angle ^ of the point of contact. 

Find the distance from the centre of an ellipse to 

10. A tfingent through the point of contact (arj, yi). 

11. A tangent making the angle ^ with the axis of x, 

12. In what ratio is the abscissa of a point divided by the 
normal at that point ? 

13. At the point (rPi, y^ of an ellipse a normal is drawn. 
What is the product of the segments into which it divides the 
major axis? 

14. Find the length of PiV' (Fig. 59). 

15. Determine the value of the eccentric angle at the end 
of the latus rectum. 

Prove that the semi-minor axis h of an ellipse is a mean 
proportional between 

16. The distances from the foci to a tangent. 

17. A normal and the distance from the centre to the cor- 
responding tangent. 

Determine and describe the loci of the following points : 

18. The middle point of that portion of a tangent contained 
between the tangents drawn through the vertices. 

19. ^e middle point of a perpendicular dropped from a 
point of the circle (a? — a)' + y* = r* to the axis of y. 
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20. The middle point of a chord of the ellipse iV + a'y* 
= aV drawn through the positive end of the minor axis. 

21. The vertex of a triangle whose base 2 c and sum of 
the other sides 2 s are given. 

22. The vertex of a triangle, having given the base 2c and 
the product h of the tangents of the angles at the base. 

23. The symmetrical point of the right-hand focus of an 
ellipse with respect to a tangent. 

SUPPLEMENTARY PROPOSITIONS. 

137. Two distincty two coincident, or no tangents can be 
drawn to an ellipse through any point (A, i), according a^ the 
point is without, on, or within the curve. 

Let the tangent y = mx + Vm V + i* pass through the 
point (A, k) ; then 

i = mA+ VmV + y, 
or (A»~a»)m*-2AAm + A'-i' = 0. 

Hence there will be two distinct,' two coincident, or no tan- 
gents through (A, k), according as b^h^ + a^i^ — aV >,=, 
or < ; that is, according as (A, k) is without, on, or within the 
ellipse. 

138. To find the equation of the chord of contact of the two 
tangents drawn from an external point (A, k) to the ellipse, 

By a course of reasoning similar to that employed in §§ 71 
and 104, let the student prove that the required equation is 

^-4-^ = 1 
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139. To find the equaticm of the polar of the pole (A, k), with 
regard to the ellipse. 

By a course of reasoning similar to that employed in §§ 72 
and 105, let the student prove that the required equation is : 

h£, Jsi^x 

Cor. The tangent and chord of contact are particular cases 
of the polar. Proposition 74 holds true of poles and polars 
with regard to the ellipse. 

•140. To draw a tangent to an ellipse from a given point P 
outside the curve. 



Fig. 61. 

Suppose the problem solved, and let the tangent meet the 
ellipse at Q (Fig. 61). If F^Q be produced to Q, making 
Q0:= QJF, then A FQG is isosceles ; now Z FQP=Z GQF 
(§ 133) ; therefore FQ is perpendicular to FQ at its middle 
point ; therefore F is equidistant from -P and G. This re- 
duces the problem to determining the point G. 

Since F'G = 2a, G lies in the circle with F' as centre 
and 2a as radius. And G also lies in the circle with F as 
centre and FF&s radius. Hence the construction is obvious. 
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141. To find the locus of the middle points of any system of 
parallel chords in the ellipse. 

Let any one of the parallel chords y^=mx + c meet the 
ellipse 

Vc^ + ay = a^V 

in the points (a?i, y^ and (a:,, y,) ; then by (3) of § 130, 

If {x,y) is the middle point, 2a; = a?i + a:„ 2y = yi-fy„ 

and (1) becomes 

^- *'^ 
w = — » 

ay 

or . y = --T^- (2) 

This relation holds true for the middle points of all the 
chords ; therefore it is the equation required. 

From (2), we see that any straight line passing through the 
centre of an ellipse is a diameter, 

142. Let m' denote the slope of the diameter of the chords 
whose slope is m ; then from (2) of § 141 - . 

m'= ^, or mm'^--^* [37] 

ma^ a^ ^ ■' 

Thus [37] is the equation of condition that the diameter 
y = imJx bisects all chords parallel to the diameter y = wia: ; 
but [37] is evidently also the equation of condition that 
y = mx bisects all chords parallel to y = m^x ; hence, 

If one diameter bisects all chords parallel to another^ the 
second diameter bisects all chords parallel to the first 

Two such diameters are called Oonjugate Diameters. 

Cor. From [37] the slopes of two conjugate diameters must 
have opposite signs; hence, two conjugate diameters of an 
ellipse lie on opposite sides of the minor axis. 
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143. Let a straight line cutting the ellipse in Pand Q move 
parallel to itself till F and Q coincide with the end of the 
diameter bisecting PQ; then the straight line becomes the 
tangent at the end of the diameter. Therefore 

The tangents at the extremiiiea of any diameter are parallel to 
the chords of that diameter, and also to its conjitgate diameter. 

144. Let FOP and BOH' (Fig. 62) be two conjugate di- 
ameters meeting the ellipse in the points P(xi, y^ and 

-ff(^s»yi). The slope of the tangent through P is — ^; 

^y\ 
hence the equation of the diameter POP', which is parallel to 

this tangent (§ 143), is 

b*Xi XiX . Vi V r. 

^ ayi a^ 0* 



(1) 




Fig. 62. 



Now P(x2, y,) is on (1), and also on the ellipse; hence we 
have x.x^ v.ij^ .^. 



XiX2,y^2_ 



and 






a- ■ V 

Solving (2) and (3) for ar, and y^.we obtain 
_a b 

o a 



(3) 
(4) 
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The upper signs give the co-ordinates of iZ, and the lower 
those of R* in terms of Xi and yi. 

Equation (2) is the condition which must be satisfied by 
the co-ordinates of the extremities of every pair of conjugate 
diameters. 

146. Denoting the semi-conjugate diameters OP and OR 
(Fig. 62) by a' and V respectively, we have 

a'' = a;.' + y,' = ar,' + ^(a'-a;,«) 
a 

= i' + ^Zl*!ar,» = 6' + e'ar.', (1) 

and J'' = a;,' + y.' = ^yi'+^ar,' §144 

o or 

= a'~a:i'-f-.ari' = a«-6'ari«. (2) 

a 

Adding (1) and (2), we have 
a'" + i'« = a" + y. 

That is, the sum of the squares of any pair of semi-conjibgaie 
diameters is equal to the sum of the squares of the semi-axes. 

Equations (1) and (2) express the lengths of the semi-con- 
jugate diameters a' and V in terms of a, i, and Xi (the abscissa 
' of the extremity of a'). 

146. Let the ordinates of the extremities P, R (Fig. 62) 
of two conjugate diameters meet the auxiliary circle in Q, 8 
respectively, join QO and /SO, and denote Z QOX by <^, 
Z SOXhj ff>'. Then the values of the co-ordinates of F and 
R are (§ 127). 

Xi^=a cos ^, X2 = a cos ^', 
yi = i sin ^, y2 = h sin ^'. 
Whence, by substitution in equation (2) of § 144, we obtain 

cos ^ cos ^' + sin ^ sin ^' = 0. 
Therefore cos (<^' — <^) = 0, or <^' — <^ = ^ir. 
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That is, the difference of the eccentric angles corresponding 

to the ends of two conjugate diameters is equal to a right angle. 

Cor. The angle FOU (Fig. 62) is obtuse, since QOS=^. 

147. To find the angle formed by two conjugate semi-diamr 
eterSf whose lengths a\ V are given. 

Let the semi-diameters make the angles a, P respectively 
with the axis of x, and let denote the required angle. Then 
if (^i» Vi) and (a;,, y,) are the extremities of a' and V respec- 
tively, Vi ' o V2 ix. 
a'' ^ V ah' 



cosa=^» 



^ V hV 



(1) 



8infl = sin(j8— o) 

= sin^cosa— cos^sina 
_ yari' + aV _ a^V 
aho!V ahdV 
^ah_ 
a'V 

CoR. 1. Clearing (1) of fractions, we have 
a'i'sinfl = aJ, 
which shows that the area of the parallelogram HEKR is 
equal to the rectangle LMQN. (O CDRS=^ aV sin 6) 
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Fig. 63. 



That is, the parallelogram formed by tangents at the extrem 
ities of any pair of conJTigate diameters is equal to the 
tangle on the axes. 



rec' 
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CoK. 2. If CT (Fig. 63) be perpendicular to the tangent 
RK\ then 

CT=aC Bin CCi? = a' sin tf = ^. 

148. The lines joining any point of an ellipse to the ends 
of any diameter are called Supplemental Ohords. 

Let PQ, PQ, be two supplemental chords (Fig. 64). 
Through the centre draw OR parallel to -PQ, and meeting 
PQ in R\ also OP' parallel to PQ, and meeting PQin R!. 




Fig. 64. 

Since is the middle point of PP, and OR is drawn 
parallel to PQ, and OR' is drawn parallel to PQ, R and i? 
are the middle points of QP, QP respectively. Therefore 
OP will bisect all chords parallel to QP, and OR' will bisect 
all chords parallel to QP. Hence OP, OR' are conjugate 
diameters. 

Therefore the diameters parallel to a pair of supplemental 
chords are conjugate diameters. 

Cor. 1. This principle affords the following easy method 
of drawing a pair of conjugate diameterp which shall include 
a given angle. 

On the transverse axis AA' describe a segment of a circle 
which shall include the given angle. Let the arc of thi« 
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segment cut the ellipse in Q and S; then the diameters par- 
allel to QA and QA\ or SA and SA' are conjugate and include 
the required angle. 

CoE. 2. If B be the upper vertex of the conjugate axis, the 
conjugate diameters parallel to JSA and BA' will evidently 
be equal, and will lie on the diagonals of the rectangle on the 
axes of the ellipse. 

149. To find the equaiion of an ellipse referred to a pair of 
conjugate diametera as axes. 

Since each of two conjugate diameters of the ellipse bisects 
the chords parallel to the other, the curve is (obliquely) sym- 
metrical with respect to each of the new axes ; hence, as the 
required equation is of the second degree, it contains only the 
squares of x and y, and is of the form 

Ax' + By'^a (1) 

The intercepts of the curve on the new axes are the semi- 
conjugata diameters. Denoting them by a' and b\ we have 

Substituting these values in (1), we obtain 

which is the required equation in terms of the semi-conjugate 
diameters. 

This equation has the same form as the equation referred 
to the axes of the curve; whence it follows that formulas 
derived from equation [30], by processes which do not pre- 
suppose the axes of co:ordinates to be rectangular, hold true 
when we employ as axes two conjugate diameters. 

For example, the equation of a tangent at the point (iCi, yi), 
referred to the semi-conjugate diameters a' and b\ is 

a'' ^ b^ 
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160. To construct the polar of afocics. 

Since the polar of (A, *) is — + -^ = 1, the polar of the focus 
(ae, 0) is 
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Fig. 65. 

Hence ae\a=^a\x. 

Therefore, if OD be taken so that 

OF\OA-=-OA\OD, 

and DO he drawn perpendicular to OD^ 2) C will be the polar 
of the focus F. 

The polar of a focud is called a IKrectiiz of the ellipse. 
Hence -DC is the directrix coitesponding to the focus F 

In like manner we may construct F^C'y or the directrix 
corresponding to the focus F\ 

CoE. Let Q (a?, y) be any point on the ellipse ; then 

e e e 

Hence e=FQ-^QS, 

That is, the distances of any point on the ellipse from afocics, 
and the corresponding directrix, bear the constant ratio e. 
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Whence the ellipse is often defined as : 

The locus of a point which moves so that its distances from 
a fixed point and a fixed straight line bear a constant ratio less 
than urdty, 

151. To find the polar eqiiation of the ellipse^ tJ^ lefUhand 
focus being taken as the pole. 




Fig. 66. 

Let P be any point (p, ff) of the ellipse ; then, from equation 
(8) of § 119, we have 

p = a + ea;. (1) 

Now X = OJf = PM— F^O = pco8 0-ae. 
Substituting this value of x in (1), we have 

p = a + epcoQ$ — a^. 



Whence p = ?-^i^=^- 

'^ 1—60088 



[39] 



Cor. Since e < 1, and cos 6 cannot exceed unity, p is always 
positive. 

For 6 = 0, p = ^i}-^) = a + ae = F'A, 

1 — e 

For tf = |7r, p = a (1 — e*) = F^B = semi-latus rectum. 



164 ANALYTIC GEOMETEY. 

For * = ,r, p=5^illl^ = a-a€=i?^^'. 

l + e 

For 6 = |v, p = a (1 — €*) = semi-latus rectum. 

For e = 2jr,p = a + ae = F^A, 

While 6 increases from zero to w, p decreases from a-{-ae 
to a — ae] 'and while 6 increases from w to 2ir, p increases from 
a — aeto a + ae. 

If -Fbe taken as the pole, the polar equation is 

^ 1 + ecos^* 

Ex. 35. 

1. Find the area of the ellipse a:* + 4y* = 16. 

2. Find the distances of the directrices from the centre, in 
Ex.1. 

3. What is the equation of the polar of the point (5, 7) 
with respect to the ellipse 4a:* + 9y*=36? 

4. Prove that a focal chord is perpendicular to the line 
which joins its pole to the focus. In what line does the pole 
lie? 

5. Find the pole of the line Ax + £i/+C=0 with respect 
to the ellipse iV + a^y* = a'5'. 

6. Each of the two tangents which can be drawn to an 
ellipse from any point on its directrix subtends a right angle 
at the focus. 

7. The two tangents which can be drawn to an ellipse from 
any external point subtend equal angles at the focus. 

8. Find the slope Wi of a diameter if the square of the 
diameter is (i.) an arithmetic, (ii.) a geometric, (iii.) an har- 
monic mean between the squares of the axes. 

9. Given the length 2^ of a diameter, its inclination to 
the axis, and the eccentricity ; find the major and minor axes. 
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10. Tangents at the extremities of any chord intersect on 
the diameter which bisects that chord. 

11. Tangents are drawn from (3, 2) to the ellipse a:'+4y'=4. 
Find the equation of the chord of contact, and of the line 
which joins (3, 2) to the middle point of the chord. 

12. Find the area of the rectangle whose sides are the two 
segments into which a focal chord is divided by the focus. 

13. What is the equation of a chord in the ellipse 
13 a:* + lly*= 143 which passes through (1, 2) and is bisected 
by the diameter 3a: — 2y = ? 

14. In the ellipse 9a:* + 36y' = 324 find the equation of a 
chord passing through (4, 2) and bisected at this point. 

15. Write the equations of diameters conjugate to the fol- 
lowing lines : 

a?--y = 0, x+y = 0, ax=^by, at/=^bx. 

16. Show that the lines 2 a; — y = 0, a? + 3y = are con- 
jugate diameters in the ellipse 2a:' + 3y* = 4. 

17. Find the equation of a diameter parallel to the normal 
at the point (a^i, yi), the semi-axes being a and b. 

18. The rectangle of the focal perpendiculars upon any tan- 
gent is constant and equal to the square of the semi-minor axis. 

19. The diagonals of the parallelogram in Fig. 63, § 147, 
are also conjugate diameters. 

20. The angle between two semi-conjugate diameters is a 
maximum, when they are equal. 

21. The eccentric angles corresponding to equal semi-con- 
jugate diameters are 45° and 135°. 

22. The polar of a point in a diameter is parallel to the 
conjugate diameter. 
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23. Find the equations of equal conjugate diameters. 

24. The length of a semi-diameter is I ; find the equation 
of the conjugate diameter. 

25. The angle between two equal conjugate diameters = 
120** ; find the eccentricity of the ellipse. 

26. Given a diameter, to construct the conjugate diameter. 

27. To draw a tangent to a given ellipse parallel to a given 
straight line. 

28. Given an ellipse ; to find by construction the centre, 
foci, and axes. 

29. Find the rectangular equation of the ellipse, taking the 
origin at the right-hand vertex. 

30. Find the polar equation of an ellipse, taking as pole the 
right-hand focus. 

31. Find the polar equation of the ellipse, taking the centre 
as pole. 

32. If the centre of an ellipse is the point (4, 7), and the 
major and minor axes are 14 and 8, find its equation, the axes 
being supposed parallel to the axes of co-ordinates. 

33. The equation of an ellipse, the origin being at the left- 
hand vertex, is 253;* -J- Sly* = 450ar ; find the axes. 

34. If the minor axis = 12, and the latus rectum = 5, 
what is the equation of the ellipse, the origin being taken at 
the left-hand vertex ? 

35. Find the eccentric angle ^ corresponding to the diam- 
eter whose length is 2 c. 

36. At the intersection of the ellipse JV -f- ay = a'J* and 
the circle rr'-f y' = aJ tangents are drawn to both curves. 
Find the angle between them. 
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37. How would you draw a normal to an ellipse from any 
point in the minor axis ? 

38. Find the equation of a chord bisected at a point (A, t), 

39. Prove that the length of a line drawn from the centre 
to a tangent, and parallel to either focal radius of the point 
of contact, is equal to the semi-major axis. 

40. A circle described on a focal radius will touch the 
auxiliary circle. 

41. Find the locus of the intersection of tangents drawn 
through the ends of conjugate diameters of an ellipse. 

42. Find the locus of the middle point of the chord joining 
the ends of two conjugate diameters. 

43. Find the locus of the vertex of a triangle whose base 
is the line joining the foci, and whose other sides are parallel 
to two conjugate diameters. 

44. Show that 4ta^ + i^ + 8x — 2y + l = represents an 
ellipse ; find its centre and axes. 

45. If A and B have like signs, show that the locus of 
Aa^ + -By* + Dx + Ey + F— is in general an ellipse whose 
axes are parallel to the co-ordinate axes ; and determine its 
semi-axes. 

46. Find the locus . of the centre of a circle which passes 
through the point (0,3) and touches internally the circle 



CHAPTER VII. 

the hyperbola. 

Simple Pbopebties of the Htfebbola. 

152. The Hyperbola is the locus of a point the difference of 
whose distances from two fixed points is constant. 

The fixed points are called the Fody and a line joining any 
point of the curve to a focus is called a Focal Badins. 

The constant difference is denoted by 2 a, and the distance 
between the foci by 2 c, 

The fraction ^ is called the Eooentridty, and is denoted by 
a 

the letter e. Therefore c = ae. 

Since the difference of two sides of a triangle is always less 
than the third side, we must have in the hyperbola 

2a<2<?, or a<,Ct or e>l. 

153. To constncct an hyperbola, having given the fod, and 
the constant difference 2 a. 

I. Bi/ Motion (Fig. 67). Fasten one end of a ruler to one 
focus jP' so that it can turn freely about -F'. To the other 
end fasten a string. Make the length of the string less than 
that of the ruler by 2 a, and fasten the free end to the focus jF! 
Press the string against the ruler by a pencil point P, and 
turn the ruler about jP. 

The point P will describe one branch of an hyperbola. 
The other branch may be described in the same way by inter- 
changing the fixed ends of the ruler and the string. 
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II. By Points (Fig. 68). Let F, F* be the foci ; then 

Bisect FF at 0, and from lay off OA = OA^ = a. 
Then AA'=2a, FA = F'A\ 

AP- AF= AF'- A'F= AA' = 2a. 

A'F- A'F'= A*F- AF= AA^ = 2a. 
Therefore A and A' are points of the curve. 




Fig. 67. 



Fig. 68. 



In FF produced mark any point D ; then describe two 
arcs, the first with F sua centre and AD as radius, the second 
with F* as centre and A^D as radius ; the intersections P, Q 
of these arcs are points of the curve. By merely interchang- 
ing the radii, two more points iZ, S may be found. 

Proceed in this way till a sufficient number of points has 
been obtained ; then draw a smooth curve through them. 

Through draw £B^ J- to FF' ; since the difference of 
the distances of every point in the line £JB^ from the foci is 
0, therefore the curve cannot cut the line -BJ5'. 

The locus evidently consists of two entirely distinct parts or 
branches, symmetrically placed with respect to the line -B^. 
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164. The point 0, half way between the foci, is the Oentre. 

The points A, A\ where the line passing through the foci 
meets the curve, are called the Tertioes. 

The line A A' is the TransTone Axis. 

The transverse axis is equal to the constant difference 2 a, 
and is bisected by the centre (§ 153). 




Fig. 69. 

The line £B^ passing through perpendicular to AA^ 
does not meet the curve (§ 153) ; but if -B, B' are two points 
whose distances from the two vertices A, A^ are each equal to 
c, then BB^ is called the Conjugate Axis, and is denoted by 2b, 

Since AAOB = A AOB\ OB=OB^ = h\ that is, the con- 
jugate axis is bisected by the centre. 

In the triangle AOB, OA — a, OB=b, AB = c ; hence 

c' = a' + b\ 

The chord passing through either focus perpendicular to 
the transverse axis is called the Latns Bectnm, or Parameter. 

Note. Since a and h are eqnal to the legs of a right triangle, a 
may be either greater or less than 6; hence the terms "major** and 
" minor " are not appropriate in the hyperbola. 
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156. By proceeding as in the case of the ellipse (§ 119), 
using r'--r = ±:2a instead of r'+r = 2a, and substituting J' 
for c*— a', we obtain as the equation of the hyperbola 

S-IS-- m 

Thus the equations of the ellipse and hyperbola differ only 
in the sign of i' ; that of the ellipse is changed into that of 
the hyperbola by substituting — 6' for + 5'. Hence 

Any formula deduced from the equation of the ellipse is 
changed to the corresponding formula for the hyperbola hy 
m^ely changing -\-V to —V, or b to i V— 1. 

The lengths r, r' of the focal radii for any point (ar, y) are 
r = zfc (ea: — a), r' = db (ea? + a), 
in which the upper signs hold for the right-hand branch, and 
the lower for the left. 

166. A discussion of equation [40] leads to the following 
conclusions : 

(i.) The curve cuts the axis of x at the two real points 
(a, 0)and (~a, 0). 

(ii.) The curve does not cut the axis of y. The imaginary 
intercepts are =h 5V— 1. 

(iii.) No part of the curve lies between the straight lines 
a: = -|-a and x = —a, 

(iv.) Outside these lines the curve extends without limit 
both to the right and to the left. 

(v.) The greater the abscissa, the greater the ordinate. 

(vi.) The curve is symmetrical with respect to the axis of x. 

(vii.) The curve is symmetrical with respect to the axis of y, 

(viii.) Every chord which passes through the centre is bi- 
sected by the centre. This explains why the point half way 
between the foci is called the centre. 

The two distinct parts of the curve are called the right-hand 
and the left-hand branches. 
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157. An hyperbola whose transverse and conjugate axes 
are equal is called an Equilateral Hyperbola. Its equation is 

a;2-y2 = a«. [41] 

The equilateral hyperbola bears to the general hyperbola 
the same relation that the auxiliary circle bears to the ellipse. 




Rg. 70. 



168. The hyperbola which has BBf for transverse axis, and 
A A! for conjugate axis, obviously holds the same relation to 
the axis of y that the hyperbola which has AA^ for transverse 
axis and BB^ for conjugate axis holds to the axis of a?. 

Therefore its equation is found by simply changing the 
signs of o' and 4' in [40], and is 



-? + ?« = !» ^^ ^-? = "1- 
The two hyperbolas are said to be Oonjugate. 



(1) 
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159. The straight line y = mx, passing through the centre 
of the hyperbola -^—^ = 1, meets the curve in two points, 
the abscissas of which are 



Hence the pointa will be real, imaginary, or sitiuited at 
infinity, as V — m^a^ is positive, negative, or zero; that is, as 

w' is less than, greaier than, or equal to —. 

The same line, y = mx, will meet the conjugate hyperbola 

-i — ^ = — 1 in two points, whose abscissas are 

+ai —ai 

•y/rh'a^-b* -yJm^a^-V 

Hence these points will be imaginary, real, or sititated at 
infinity, as m' is less than, greater than, or eqital to — • 

Whence 

If a straight line through the centre meet an hyperbola in 
imaginary points, it will meet the conjugate hyperbola in real 
points, and vice versa. 

160. An Asymptote is a straight line which passes through 
finite points, and meets a curve in two points at infinity. 
We see from § 159 that the hyperbola 

has two real asymptotes passing through the centre of the 
curve, and having for their equations y = + -a?andy = — x\ 
or, expressed in one equation, 
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Ex. 36. 

What is the equation of an hyperbola, if 

1. Transverse axis = 16, conjugate axis = 14 ? 

2. Conjugate axis = 12, distance between foci = 13? 

3. Distance between foci = twice the transverse axis ? 

4. Transverse axis = 8, one point is (10, 26) ? 

5. Distance between foci = 2 c, eccentricity = V2? 

6. Prove that the latus rectum of an hyperbola is equal to 

— • Also 2a :2b: :2b: latus rectum. 
a 

7. The equation of an hyperbola is 9a:*— 16y* = 144; find 
the axes, distance between the foci, eccentricity, and latus 
rectum. 

8. Write the equation of the hyperbola conjugate to the 
hyperbola 9a;*-16y'= 144, and find its axes, distance be- 
tween its foci, and its latus rectum. 

9. If the vertex of an hyperbola bisects the distance from 
the centre to the focus, find the ratio of its axes. 

10. Prove that the point (a?, y) is without, on, or within the 

hyperbola, according as ~ — |- — 1 is negative, zero, or posi- 
tive. « ^ 

11. Find the eccentricity of an equilateral hyperbola. 

12. Determine the points common to the hyperbola 25 a:* 
-9y*=225, and the straight line 26a?+12y-45=0. 

13. The asymptotes of an hyperbola are the diagonals of 
the rectangle ODEG (Fig. 70, p. 172). 

14. Find the foci and the asymptotes of the hyperbola 
16a:*-9y* = 144. 
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The asymptotes of an equilateral hyperbola are perpen- 
ar to each other. Hence the equilateral hyperbola is 
ailed the rectangular hyperbola. 

An hyperbola and its conjugate have the same asymp- 

Find the length of a perpendicular dropped from the 
i to an asymptote. 

Prove that the squares of any two ordinates of the 
hyperbola are to each other as the products of the segments 
into which they divide the transverse axis externally. 

Tangents and Nobmals. 

Note. The results stated in the following six sections may be estab- 
lished in the same way as the corresponding propositions in the ellipse, 
or the first five may be obtained by J 155. 

16L The slope of the tangent at (xi, yO is -— ^, and its 
equation IS x^^y^^i Um 

162. The equation of the normal at (a?i, y^ is 

y-yi = -^(a5-«i). [44] 

/p a ^3 ^2/p 

163. The subtangent =— > the subnormal =— r^- 

Xi a 



164. The straight line whose equation is y = mx ± -\/m^a^~ b^ 
is a tangent for all values of m (§ 135). 

165. The equation of the director circle of an hyperbola is 
a;«+y»=a«-i«(§136). 

166. The tangent and the normal at any point of an hyper- 
bola bisect the angles formed by the focal radii of the point 
(§ 133). 
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Ex.37. 

1. Find the equations of tangent and normal to the hyper- 
bola 16a;*-9y» = 112 at the point of contact (4,4). Also 
find the lengths of the subtangent and the subnormal. 

2. Show that in an equilateral hyperbola the subnormal is 
equal to the abscissa of the point of contact. 

3. The equations of the tangent and the normal at a point 
of an equilateral hyperbola are 5a: — 4y = 9, 4a: + 5y = 40. 
What is the equation of the hyperbola, and what are the 
co-ordinates of the point of contact ? 

4. For what points of an hyperbola is the subtangent equal 
to the subnormal ? 

5. To draw a tangent and a normal to an hyperbola at a 
given point of the curve. 

6. If an ellipse and an hyperbola have the same foci, prove 
that the tangents to the two curves drawn at their points of 
intersection are perpendicular to each other. 

7. Prove that the asymptotes of an hyperbola are the lim- 
iting positions of tangents to the infinite branches. 

8. Prove that the length of a normal in an equilateral 
hyperbola is equal to the distance of the point of contact from 
the centre. 

9. Find the distance from the origin to the tangent through 
the end of the latus rectum of the equilateral hyperbola 

10. What condition must be satisfied in order that the 
straight line — 1-- = 1 may touch the hyperbola -5 — t2=1? 

11. When is the director circle of an hyperbola imaginary ? 

12. Find the locus of the foot of a perpendicular dropped 
from the focus of an hyperbola to a tangent. 
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Ex. 38. (Revie-w.) 

1. The ordinate through the focus of an hyperbola, pro- 
duced, cuts the asymptotes in P and Q. Find FQ and the 
distances of F and Q from the centre. 

2. In the hyperbola Qa:* — 16y' = 144 what are the focal 
radii of the points whose common abscissa is 8 ? What other 
points have equal focal radii ? 

3. What relation exists between the sum of the focal radii 
of a point of an hyperbola and the abscissa of the point ? 

4. Prove that in the equilateral iyperbola every ordinate 
is a mean proportional between the distances of its foot from 
the verticen of the curve. Hence find a method of construct- 
ing an equilateral hyperbola when the axes are given. 

5. In the equilateral hyperbola the distance of a point from 
the centre is a mean proportional between its focal radii. 

6. In the equilateral hyperbola the bisectors of the angles 
formed by lines drawn from the vertices to any point of the 
curve are parallel to the asymptotes. 

7. If e, e' are the eccentricities of two conjugate hyperbolas, 

8. Through the positive vertex of an hyperbola a tangent is 
drawn. In what points does it cut the conjugate hyperbola ? 

9. The sum of the reciprocals of two focal chords perpen- 
dicular to each other is constant. 

10. Through the foot of the ordinate of a point in an equi- 
lateral hyperbola a tangent is drawn to the circle described 
upon the transverse axis as diameter. What relation exists 
between the lengths of this tangent and the ordinate of the 
point? 
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11. In an equilateral hyperbola find the equations of tan- 
gents drawn from the positive end of the conjugate axis. 

12. From what point in the conjugate axis of an hyperbola 
must tangents be drawn in order that they may be perpen- 
dicular to each other ? . ^ 

13. What condition must be satisfied that a square may be 
constructed whose sides shall be parallel to the axes of an 
hyperbola and whose vertices shall lie in the curve ? 

14. Find the equation of the chord of the hyperbola 
16a;* — 9y* = 144 which is bisected at the point (12,3). 

16. Find the equation of a tangent to the hyperbola 
16 a:* — 9y» = 144 parallel to the line y = 4a? — 3. 

16. Find the product of the two perpendiculars let fall from 
any point of any hyperbola upon the asymptote. 

17. A chord of an hyperbola which touches the conjugate 
hyperbola is bisected at the point of contact. 



SUPPLEMENTARY PROPOSITIONS. 

Note. Many of the following propositions are closely analogous to 
propositions already established for the ellipse; hence the proofs are 
omitted, and references given to the chapter on the ellipse. 

167. Ihvo distinct, two coincident^ or no tangents can be drawn 
to an hyperbola through any point (A, k), according as tJie point 
is without, on, or within this curve (§ 137). 

168. The equaiion of the chord of contact of the two tangents 
drawn from the external point (Ji, h) to the hyperbola 



i-t=^' ^ §-t=i- (§138) 



b* ' o' & 
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169. The equation of the polar of the pole (A, h) with regard 
to the hyperbola is 

^-fr=i' (§139) 

The tangent and chord of contact are particular cases of the 
polar, and § 74 holds true in the hyberbola. 

170. The equation of a diameter of an hyperbola is 

am 
in which mis the slope of its chords. 

171i If m' is the slope of the diameter bisecting the chords 
parallel to the diameter y=mx, then (§ 142) 

«^m'=^' [45] 

Since m and mf are alike involved in [45], it follows that 
If one diameter bisects all chords parallel to another, the 
second diameter will bisect all chords parallel to the first 

Two diameters drawn so that each bisects all chords par- 
allel to the other are called Oonjngate Diameters. 

172. From [45], the slopes of two conjugate diameters must 
agree in sign ; hence 

Two conjugal diameters of an hyperbola lie on the same side 
of the conjugal axis, and their included angle is acute. 

Also, if m in absolute magnitude is less than -, then m! 

b « 

must be greater than ~- But the slope of the asymptotes is 

equal to ± -• Therefore 

Two conjugal diameters lie on opposite sides of the asymp- 
tote in the same quadrant; and of two conjugate diameters , one 
meets the curve in real points and the other in imaginary points 
(§ 159). 
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173. The length of a diameter which meets the hyperbola 
in real points is the length of the chord between these points. 

If a diameter meets the hyperbola in imaginary points, that 
is, does not meet it at all, it will meet the conjugate hyperbola 
in real points (§ 159); and its length is the length of the 
chord between these points. But from § 159 we know that 
if a diameter meet one of the hyperbolas in the imaginary 
point (AV— 1, AV— 1), it will meet the other in the real 
point (A, k) ; hence the length of the semi-diameter, which is 
VA' + A*, is known from the imaginary co-ordinates of inter- 
section. 

174. The equations of an hyperbola and its conjugate differ 
only in the signs of a' and 5'. But this interchange of signs 
does not effect the equation 

mnv = —. 
or 

Therefore, if two diameters are conjugate with respect to one 
of two conjugate hyperbolxis^ they will he conjugate with respect 
to the other > 

Thus, let POP and QOQ! (Fig. 71) be two conjugate 
diameters. Then POP bisects all chords parallel to QOQ 
that lie within the branches of the original hyperbola and 
between the branches of the conjugate hyperbola ; and QOQ 
bisects all chords parallel to POP that lie within the branches 
of the conjugate hyperbola and between the branches of the 
original hyperbola. 

From the above theorem it follows immediately that 

If a straight line meet each of two conjugate hyperbolas in 
two real points^ the two portions of the line contained between 
the hyperbolas are equal {thus, BD = B^D\ Fig. 71). 



175. The tangent drawn through the end of a diameter 
parallel to the conjugaie diam^eter (§ 143). 



IS 
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176. Having given the end {xi, y^ of a diameter^ to find the 
end (a:,, y,) of the conjugate diameter. 




F\g. 71. 



Let (xi, r/i) be on the given hyperbola, then (a:,, y,) is on 

the conjugate. The slope of the tangent at (xi, y^ is -— * ; 

oryx 
hence the equation of the diameter conjugate to the diameter 

through (a?i, yO is t, 

' = ^- (1) 






Now (a:,, y,) is on the diameter (1) and also on the con- 
jugate hyperbola ; hence we have 

y'=S^" S-!^ = -l- (2) 



a'yi ' a' b' 
Solving equations (2) for x^ and y„ we obtain 



^. = ±fy., 



= db -Xi, 

a 
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The positive signs belong to one end, and the negative signs 
to the other end, of the conjugate diameter. 

177. To find the equcUion of an hyperbola referred to any 
•pair of conjugate diameter % as axes of co-ordinates. 

From the symmetry of the curve with respect to each of the 
new axes, the required equation must be of the form 
Ax' + jBy'=a 

Denoting the intercepts^ of the curve on the new axes by a' 
and V V^ (§ 172), we obtain 

Whence -4-^=1 (1) 

a^ b^ ^ ^ 

is the required equation, in which a' and V are semi-conjugate 
diameters. 

•Since the form of equation (1) is the same as that of the 
equation referred to the axes of the curve, it follows that all 
formulas which have been obtained without assuming the axes 
of co-ordinates to be at right angles to each other hold good 
when the axes of co-ordinates are any two conjugate diam- 
eters. For example, the equation of the asymptotes of the 
hyperbola represented by equation (1) is 

— — i!^ = 0, (2) 

and the equation of the tangent is 

a^i^ ViV — l 
a'^ b'^ 

178. T?ie tangents through the ends of two conjtigate diam- 
eters meet in the asymptotes. 

The equations of these tangents referred to the conjugate 
diameters are 
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Hence their intersections are {a\ 5'), (a', — - 6')» ("^ ^'» ^')i 
and (— a\ — 6'). But these points evidently lie upon the 
asymptotes, or the locus of (2) in § 177. 

179. If denote the angle formed by two conjitgate semir 

nh 

diameters, and c! and h\ thevr lengths, then sin 6 = -— • 

Substituting iV^ for 4, and VV^l for 6'in (1) of § 147, 
and cancelling the imaginary factors, we obtain the above result. 

CoR. 1. Since 4a'i'8intf = 4aJ, the parallelogram 8R8*B! 
(Fig. 71) equals the rectangle on the axes of the curve. 

CoR. 2. The length of the perpendicular from upon the 

tangent SPR = OP sin 0P8== a' sin tf = ^ 

CoR. 3. From §§ 145, 165, 177, we have 
a^-V'=a^-b\ 

180. If a straight line cut an hyperbola and its asymptotes, 
the portions of the line intercepted between the curve and its 
asymptotes are equal. 

Let CO' (Fig. 72) be the line meeting the asymptotes in O, 
(7' and the curve in B, B\ and let the equation of the line be 

y = mx + c, (1) 

Let M be the middle point of the chord BB^ \ then (§ 170) 
the equation of the diameter through m is 

y=^- (2) 

^ o^m ^ ' 

By combining equation (1) with the equations of the asymp- 
totes, we obtain the co-ordinates of the points Cand C" ; taking 
the half-sum of these values, we get for the co-ordinates of the 
point half way between (7 and C" the values 
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X = 



6'— w'a* 



These values satisfy equation (2) ; therefore the point half 
way between (7 and C coincides with M\ therefore MC= MCK 
And since MB^MB, therefore BC=BC\ 




ng. 72. 



Cor. Let CC^ be moved parallel to itself till it becomes 
a tangent at P, meeting the asymptotes in R, 8\ then the 
points B, B^ coincide at P, and we have PR = FS, Hence 

The portion of a tangent intercepted hy the asymptotes is 
bisected by the point of contact. 

181. The following method of showing that an hyperbola 
has asymptotes, and finding their equations, is more general 
than the method given in §§ 159, 160. 
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The abscissas of the points where the straight line y = mx + c 
meets an hyperbola are found by solving the equation 

^ {mx + c)' _ - 

Now from algebra we know that as the coefficients of x^ and 
X in (1) approach zero, both roots of (1) increase without 
limit. Hence each root becomes infinity when 

V - mV = 0, and 2 ?7W? = 0, 

or when w = d=-, and <? = 0. 

a 

Therefore, y =zt-x are asymptotes to the hyperbola, 

• If only b* — m*a^ = 0, then w = db - , the line is parallel to 
an asymptote, and one root of (1) is infinity, while the other is 

y + c* 

2mc 

Hence, a right line parallel to an asymptote meets the hyper- 
bola in only 07te finite point 

182. To find the equation of an hyperbola referred to the 
asymptotes as axes of co-ordinates. 

Let the lines OB, OC (Fig. 73) be the asymptotes, A the 
vertex of the curve, and let the angle AOC= a. 

Let the co-ordinates of any point P of the curve be ar, y 
when referred to the axes of the curve, and x\ y' when referred 
to OB, OC as axes of co-ordinates. 

Draw PML to OA, PNW to 00 \ then 

X = OJVcos a + NP cos a = (a;' + y^ cos a, 
y = -ZVPsina— Olfsin a = (y* — x') sin a. 
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Fig. 73. 

Hence, by substituting in [40], we obtain 



(^ + yy cos' g W - xJ 8in'a __ ■, 



But 



sina = 



AD 



COSa = 



OD Va' + 6* 
OA a 



OD VoM^ 
Substituting these values, and dropping accents, we have 

4a;y = a' + &'. [46] 

Cor. 1. The equation of the conjugate hyperbola is 

4a:y =-(a» + 6'). 



Cor. 2. Sin COB = sin 2a = 2 sin a cos a = 



2ab 



a^ + V 
If a = 6, sin COB = 1 ; therefore COB = ^ir. 

CoR. 3. Let {xi, yi) denote P (Fig. 72), referred to the 
asymptotes ; then 

08xOR = 20Hx2HP^4:X^i = a^+h\ 

That is, the product of the intercepts of a tarigent upon the 
asymptotes is equal to the sum of the squ^ares of the semi-axes. 
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CoE. 4. In Fig. 72, the area of the triangle EOS equals 



i OSX OBBmJROS= i(a* + b') -I 



2ab 



a^+V 



-ah. 



That is, the area of the triangle formed by any tangent and 
the asymptotes is equal to the prodicct of the semi-axes, 

183. The polar of the focus (ae, 0) is 

a a' 

e ae 




Fig. 74. 

Hence, if OD be taken so that 

OF: OA = OA: OD, 

then Z>iV perpendicular to Oi^is the polar of F, and is called a 
Direotriz of the hyperbola. In like manner we may construct 
jyiP, or the directrix corresponding to the focus F^. 

Cor. As in § 150 we may prove that 

_FF 
^ PN 
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Whence the hyperbola may be defined as 
The locus of a point whose distances frova a fixed point and 
a fixed straight line bear a constant ratio grecUer than unity, 

184. To find the polar equation of an hyperbola, the left-hand 
focus being taken as pole. 
If X be reckoned from the centre, and we write 

p = ex + a, (1) 

p will be positive or negative according as the point is on the 
right or left hand branch. 

Now X = p 008$ — c = p c^qO -^ cbe. 

Whence, by substitution and reduction, 

^ ecosO — 1 L J 

From (1) we know that a point is on the right or left hand 
branch, according as p in [47] is positive or negative ; that is, 

according as costf > or < — 
e 

For = O,p==ae+a=-F'O+OA = F'A(Fig. 70). 

For ecostf — 1 = 0, ortf = cos"^~, p=oo, as it should, 

e 

since in this case the radius vector is parallel to the asymptote. 
For tf=}Tr, p = — a(e* — 1) = — semi-latus rectum. 

For e = ,r, p= a—ae^ — F'A', 

Ex. 39. 

1. What is the polar of the point (— 9, 7) with respect to 
the hyperbola 7a;* — 12 y* = 112 ? 

2. Find the equations of the directrices of an hyperbola. 

8. Find the angle formed by a focal chord and the line 
which joins its pole to the focus. 
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4. Find the pole of the line Ax + £7/+ (7= with respect 
to an hyperbola. 

5. Find the polar of the right-hand vertex of an hyperbola 
with respect to the conjugate hyperbola. 

6. Find the distance from the centre of an hyperbola to 
the point where the directrix cuts the asymptote. 

7. If (xi, yi) and (a:,, y,) are the ends of two conjugate 
diameters, then 



fi£» Ml — n 



8. The equation of a diameter in the hyperbola 26 a;*— 16y' 
= 400is3y = ar. Find the equation of the conjugate diam- 
eter. 

9. In the hyperbola 49a;* — 4y* = 196, find the equation of 
that chord which is bisected at the point (6, 3). 

10. Find the length of the semi-diameter conjugate to the 
diameter y = 3a; in the hyperbola 9a;*— 4y*= 36. 

11. Two tangents to a hyperbola at right angles intersect on 
the circle ^^^_^2_j2^ 

12. Tangents at the extremities of any chord of an hyper- 
bola intersect on the diameter which bisects that chord. 

13. Prove that PQ (Fig. 71) is parallel to one asymptote 
and bisected by the other. 

14. An asymptote is its own conjugate diameter. 

15. The conjugate diameters of an equilateral hyperbola 
are equal. 

16. Having given two conjugate diameters in length and 
position, to find by construction the asymptotes and the 
axes. 

17. To draw a tangent to an hyperbola from a given point. 
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18b Find the equation of a tangent at any point (^i, yi) of 
the hyperbola ^xy = a* + b\ 

19. Find the equation of an hyperbola, taking as the axis 

^ ^ (i.) the tangent through the left-hand vertex ; 
(ii.) the tangent through the right-hand vertex. 

20. Find the polar equation of an hyperbola, taking the 
right-hand focus as pole. 

21. Find the polar equation of an hyperbola, taking the 
centre as pole. 

22. To find the centre of a given hjrperbola. 

23. The distance from a fixed point to a fixed straight line 
is 10. Find the locus of a point which moves so that its dis- 
tance from the fixed point is always twice its distance from 
the fixed line. * 

24. Show that the locus of a:* - 4^* - 2a? — 16y — 19 = 
is an hyperbola ; find its centre and axes. 

25. If A and B have unlike signs, prove that the locus of 
Aa^ + By* + Dx-}- Uy + F=0 is in general an hyperbola 
whose axes are parallel to the co-ordinate axes ; and deter- 
mine its semi-axes. 

26. Through the point (—4, 7) a straight line is drawn to 
meet the axes of co-ordinates, and then revolved about this 
point. Find the locus of the point midway between the axes. 

27. A straight line has its ends in two fixed perpendicular 
lines, and forms with them a triangle of constant area a*. 
Find the locus of the middle point of the line. 

28. The base a of a triangle is fixed in length and position, 
and the vertex so moves that one of the base angles is always 
double the other. Find the locus of the vertex. 



CHAPTER VIII. 
LOCI OF THE SECOND ORDER. 

186. The loci represented by equations of the second degree 
that are not of the first order are called Lod of the Seoond Older. 

In the preceding chapters we have seen that the circle, para- 
bola, ellipse, and hyperbola are loci of the second order. We 
now propose to inquire whether there are other loci of the 
second order besides the four curves just named; in other 
words, to find what loci may be represented by equations of 
the second degree. 

For this purpose we shall write the general equation of the 
second degree in the form 

Aa?+ 3^"+ Cxy + Dx + Ey + F=0, (1) 

and shall assume that the axes of co-ordinates are rectangular. 
This assumption will in nowise diminish the generality of our 
conclusions; for if the axes were oblique, we could change 
them to rectangular axes, and this change would not alter the 
degree of the equation or the nature of the locus which it 
represents (§ 91). 

186. To find the condition that the general equation of the 
second degree may represent two loci of the first order. 

To do this let us solve (1) with respect to one of the varia- 
bles. Choosing y for this purpose, we obtain 

where i = C-4^^, M=2{CE-2BD), N=-E^-^BF. 
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If Its^+Mx + Nhe a perfect square, then the locus of (2), 
or (1), will be two loci of the first order. 

Now, from Algebra, we know that the condition that 
Zx^ + Mx + If should be a perfect square is 

or, substituting the values of i, M, and JV, we have 

or F(O*j-^AB) + AIP+JBJy-CI)i:=0. (3) 

The quantity on the left-hand side of equation (3) is usually 
denoted by A, and is called the Discriminant of equation (1). 

This same result was obtained by a more general method in 
§67; hence 

Whenever A = 0, equation (1) represents two loci of the first 
07'der. These loci may be readily determined by resolving (1) 
into two simple equations in x and y. 

CENTRAL CURVES. S NOT ZERO. 

187. A centre of a curve is a point that bisects every chord 
passing through it. Loci are classified as Oentral and Ifon- 
Cfentrali according as they have or have not a definite centre. 
The circle, ellipse, and hyperbola belong to the first class, and 
the parabola to the second. 

188. To find the eqiccUion of the cerUral lad represented hy 
equation (1) referred to their centre. 

To do this let us change the origin to the point (A, k), and 
then so choose the values of h and k that the terms involving 
the first powers of x and y will vanish. Making the change 
by substituting in (1) a? + A for x, and y + h for y, we find 
that the coefficients A, B, and Q remain unaltered, and we 
may write the transformed equation 

A7?-{-By'-\- Cxy+D'x + E^y = if. (4) 
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where ly = 2Ah+ Ck + B, 

E' = 2Bk+Ch + E, 

R =-[Ah^ + BJc" + Chk + Dh + Ek + F], 
The values of h and k which will make D^ and E vanish 
are evidently found by solving the equations 

2Ah+Ck+D^Q, 

2Bk+Ch + E=^0, 

and are A = ^^=M^, ^fc^^^nM^. 
4:AB^C'' ^AB-C 

If 4 AB — (7*, denoted by S, is not zero, these values of h and 

k are finite and single, and equation (4) may be written 

Ax'+By'+Can/ = Ii. (5) 

From the form of (5) we see that if (a:, y) be a point in its 
locus, so also is (— a;, — y) ; that is, the new origin (A, k) 
is the centre of the locus. Hence 

When 2 is not zero^ equation (1) can be reduced to the form 
of (5), and represents central curves. 

When, however, S = 0, the values of h and k become 
infinite or indeterminate, and the locus of (1) has no definite 
centre. Hence 

When S = 0, (1) cannot he reduced to the form of (5), and 
represents non-central curves. 

The value of B can be reduced to the following useful form, 
which shows also that B and A vanish together. 
B = - [Ah'+BI^+ Chk+Bh+Ek+F] 

= - i [(2 Ah+Ck+I))h + (2 Bk+Ch+IJ)k+I)h+Bk+2 F] 

^-^{D'h+E'k+Dh+Ek+2F) 

= -\{Dh+Ek+2F) 

_ . 2BD'-CDE+2AE^-CDE+2F{C^-^AB) 
* C^-4tAB 

^ A 
2' 
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189. To reduce (5) to a known form by caumig the term in xy 
to disappear. 

For this purpose we change the direction of the axes through 
an angle 0, keeping the origin unaltered, and then determine 
the value of by putting the new term which involves xy 
equal to zero. 

The change is made by substituting for x and y, in equation 
(5), the respective values (§ 86), 

a; cos fl — y sin tf , 

a;sintf + y costf ; 
and equation (5) now becomes 

Pa^+Qy'+O'xy^R, 
where P=A cos*tf + ^ sin'tf + Csin 6 cos 0, (6) 

Q = A sin' e+Bao^^e- Csin B cos B, (7) 

C"= 2(^-^)sintf costf+C7(co8*tf-sin*e). (8) 

Putting C"= 0, we obtain, by Trigonometry, § 33, 

(4-jB)sin2tf-(7cos2tf = 0, (9) 

or tan2tf = — ^. (10) 

Since any real number, positive or negative, is the tangent 
of some angle between zero and rr, equation (10) is satisfied by 
some value of B between zero and ^tt. In what follows, we 
shall use this simplest root of (10). 

By this transformation, equation (5) is reduced to the form 

Pa^+Qy'^R, (11) 

of which the discussion will be found in the next section. 

Cob. 1. The values of Pand Q in terms of -4, jB, Cmay 
be found as follows: 

From (6) and (7), by addition and subtraction, 

P+Q^A + B, (12) 

p_ Q = (4 _ j5) cos 2^ + C^in 2ft (13) 
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Equation (9) may be written 

= (^ - ^) sin 2tf - Ccos 2tf. (14) 

Adding the squares of (13) and (14), we have 

(P- QY = ( A-^By+C^, (15) 

or P-Q = ±V(^-jB)'+C. (16) 

Whence, from (12) and (16), 

F=^[A + B±: V(A^W±^, (17) 

Q=^i[A + £=p V(^ - £y + C]. (18) 

These values of P and Q are evidently always real. 
CoE. 2. By squaring (12) and subtracting (15), we obtain 

4PQ = 4^5-a' = S. (19) 

Hence, P and Q have like or unlike signs^ according as^is 
positive or negative. 

Cor. 3. In applying formulas (17) and (18), the question 
arises which sign before the radical should be used. If in 
(13) we substitute for cos 2d, its value obtained from (14), 
we have 

p g_ rU-^)'+g'l8m2g 

c 

Since the numerator of the fraction is always positive, P— Q 
must have the same sign as C\ that is, the upper or lower 
sign in (16) must be taken according as C is positive or 
negative. 

Hence, the upper or lower sign^ in (17) and (18) are to be 
taken according as Cis positive or negative, 

190. The nature of the locus represented by equation (11) 
depends upon the signs of P, Q, and H. There are two 
groups of cases, according as S is positive or negative, and 
three cases in each group. 
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Oroup 1. 2 Positive, 

In this group, P and Q must, by (19), agree in sign. 

Case T. If R agrees in sign with P and Q, then, by § 124, 

the locus is an ellipse whose semi-axes are aI— and \-^' 

If P= Q, the locus is a circle. 

Case 2. If R diflfers from P and Q in sign, no real values 
oix and y will satisfy (11), so that no real locus exists. 

Case 3." If J? = 0, the locus is the single point (0, 0). 

Oroup 2. S Negative, 

In this group, P and Q, by (19), must have unlike signs. 

Case 1. If B agrees in sign with P, we may, by division 
(and by changing the signs of all the terms if necessary), put 
equation (11) into the form of equation [40], page 171. 
Therefore the locus is an hyperbola, with its transverse axis 
on the axis of rr, and having for semi-axes 

Case 2. If R agrees in sign with Q, we may, by division 
(and by change of signs if necessary), put equation (11) into 
the form of equation (1), page 172. Therefore the locus is 
an hyperbola, with its traverse axis on the axis of y. 

Case ?. If P = 0, the locus consists of two straight lines, 
intersecting at the origin, and having for their equations 

non-central curves. S = o. 

191. To determine the loctcs of (!) when A and S are both 
zero. 
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If A = S = 0, then from the first form of A in § 186 we 
must have CE-2BD = (). (20) 

Hence i; = Jf=0 (§186) 
and (2) becomes 

2jBy+Gc + J?TVJ?'-45i^=0, (21) 

which represents two parallel straight lines, two coincident 
straight lines, or no locus, according as ^' — 4:BF> = < 0. 

When 4:AB — C" = 0, if (7 is not zero, neither A nor B can 
be zero ; if 0= 0, either A or B must be zero, but both cannot 
b.e, since i£ A = B = 0= 0, (1) is no longer of the second 
degree. 

When If= M= 0, by solving (1) for ar, and introducing the 
above condition, we should obtain instead of (21) its corre- 
sponding equation 

' 2Ax+q/ + I)T Vi>'-4^i^=0, (22) 

whose locus is also parallel straight lines. Hence, 

When A and S are both zero, equation (1) represents two 
parallel straight lines, two coincident straight lines, or no hcris. 

Cor. Eliminating B between S = and (20), we obtain 

CD--2AE=0. (23) 

In like manner (20) follows from S = and (23). 
From these results, and the values of A and h, we learn that 
(i.) When A = S = 0, A and h are both indeterminate, and 
conversely. 

(ii.) The values of h and h are indeterminate together. 

192. To determine the locus of (1) when S is zero and A ii 
not zero. 

We simplify (1) by first making the term in xy to disappear 
by proceeding exactly as in § 189 ; that is, by turning the axes 
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through an angle d, the value of which is determined by the 

equation ^^ 

tan 20 = —^. (24) 

If P, Q, U, F represent the new coefficients of re", y*, a?, y, 
respectively, P and Q will have values identical with those 
of P and Q given in § 189, and 

U= DcobO+E sin d, (25) 

F= - J9 sin tf + ^ cos 0. (26) 

Since (7* = 4 -45, from (17) and (18) we have, when is 
positive, p_^^^ Q^O 

When Cis negative, 

P=0,Q = A + B, 
and (1) assumes the form 

Q!^+Ux+Vy + F=0. (27) 

To further simplify, we divide by Q, and obtain 

- (^-^)=-|('-^^^- <-> 

If we now take as a new origin the point 

/ 4Q.F-F' _X^ 
\, 4.UQ ' 2Q/ 
equation (28) becomes 

which represents a parabola whose axis coincides with the 
axis of X, and which is situated on the positive or the negative 
side of the new origin, according as U and Q are unlike or 
like in sign (§ 94). 
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The vertex of the parabola is the new origin, and the 
parameter is equal to the coefficient of x in the equation of 
the curve. 

This last transformation is possible except when ?7=0; 
but, when U= 0, (27) evidently represents parallel straight 
lines. 

Suppose that C is positive. Then the general equation 
becomes 

Fx'+Ux + Vy + F:=0. (29) 

And this, by changing the origin to the point 



\ 4:VF ' 2f) 



becomes oi^= -v. 

This represents a parabola having the axis of y for its axis, 
and placed on the positive or the negative side of the new 
origin, according as V and F are unlike or like in sign. 

It should be noted that the value of F or Q, when not zero, 
is -4 + -6. The values of U and V* can be found from (26) 
and (26). 

* We may obtain the values of U and V in terms of the original 
coefficients, as follows : 

From (24) we find, by Trigonometry, 

c 

Introducing the condition 4 AB = C*, we obtain 

/ 2A 

tan ^ = — — f if C is negative ; 
G 



2 B 
' —— . if (7 is positiver ; 



whence, if C is negative. 



2^ cose = . -^ 



And if C is positive, 
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If (7= -4 = 0, the given equation is of the form of (27), its 
locus is a parabola and can be found as that of (27). If 
C— B = 0, the given equation is of the form of (29), and its 
locus is a parabola. 

193. The main results of the investigation are given in the 
following Table : 



Loci eepeesehted by the General Equation op the 
Second Degbee. 


class. 


CONDITIONS. 


LOCUS. 


L 

Loci 

having a 

centre. 


5 positive, A not zero. 
2 positive, A = 0. 
2 negative, A not zero. 
2 negative, A = 0. 


Ellipse, or no locus. 

Point. 

Hyperbola. 

Two intersecting straight lines. 


IL 

Loci not 

having a 

centre. 


:g « 0, A not zero. 
5 = 0, A = 0. 


Parabola. 
/ Two parallel straight lines, 

One straight line, 
C Or no locus. 



Thus it appears that there are no loci of the second order 
besides those whose properties have been studied in the pre- 
ceding chapters. 



2B 







By substitution we obtain from (25) and (26), 

2AE-CD T7 2AD±CE. 



if C is negative, 
if (7 is positive, 



^^ 2BE+ CD 



CE-2BD 
>/4^ + (7« 



(30) 
(31) 
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194. Examples. 1. Determine the nature of the locus 

5ar» + 5y» + 2a;y-12a;~12y = 0, (1) 

transform the equation and construct it. 

Here A = b, B=b, C=2, i)=-12, ^=-12, ^=0. 

Whence S =96, A =1162. 

Hence the equation represents an ellipse or no real locus. 
^ = A--S = 12, A = l, A = l. 

Therefore the equation of the locus referred to new parallel 
axes through the centre (1, 1) is (§ 188), 

6a;' + 2a;y + 5y' = 12. (2) 

To cause the term in xy to disappear, we have 

tan2d = — ^ = ? = oo. 
A-B 

Whence 20 = 90°, or ^ = 45°. 



P=\[A + B+^{A-Bf+C']=^^. 
Q = ^[A + B^^{A-By+C] = 4., 

(We use the upper signs in the values of P and Q by § 189.) 
Hence by § 189 the equation of the ellipse referred to its 
own axes is 

6a:' + 4^»=12, or| + |=l. (3) 

Whence a = V3, h = V2, and a lies on the axis of y. 

To construct the equation, draw the axes Oi Xi, Oi Yi (Fig. 
75); locate the centre (1, 1). Through this point Oj draw the 
second set of axes, Oa X,, Oj Y^. Through O2 draw the third 
set of axes O^JTs, O2Y3, making XaOaXj equal to 45°._ 

Lay off OU' = O^A = V3, and O^Oi = O^B = V2. The 
ellipse having BOi and A A' as axes will be the required locus. 



202 



ANALYTIC GEOMETRY. 



The equation of the locus referred to the axes Oi-Zi, Oi Yi 
is (1) ; its equation referred to OtX^, 0, Yf is (2) ; and its 
equation referred to 0,-Xi, 0, Pi is (3). In constructing the 
locus it is not necessaiy to draw the second set of axes 




(1) 



*==0. 



Fig. 75. 

2. Determine the nature of the locus. 

x' + y' — 6xy + 8x — 20y+lb=0, 
transform the equation and construct it. 
Here S =-21, A = -21. 

Therefore the locus is an hyperbola. 

i^=A-^-S=l, A = -4, 
Hence the first transformed equation is 

a^ + y^ — &xr/= 1. 
In the second transformation, 

e = 45^ P=-i Q = l 
Hence the equation of the curve referred to its own axes is 

3a;»-7y' = -2, 

from which we see that a = V?, b = Vf , and a, or the trans- 
verse axis, lies on the axis of y. 



(2) 
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To construct the equation, draw the axes Oi-Xl, OiFi, 
locate the centre (— 4, 0), and through it draw the thijrd set 




Fig. 76. 

of axes 0,-X;, O^Ti, making XiOaX8 = 46^ Then lay off 
02^' = 02^ = V^, and 0,^=0,^' = V|; and draw the 
hyperbola having AA^ and BE^ as its transverse and conju- 
gate axis respectively. 

8. Determine the nature of the locus 

^ + 2ay-y« + 85; + 4y-8 = 0, (1) 

transform the equation and construct it. 

Here S = — -8, A = — 176; hence the locus is a hyperbola. 
^ = 22, A = -3, * = -l; 
hence the first transformed equation is 

a?+2ry-y' = 22, (2) 

e =22i^P=V2, e = -V2; 
hence the equation of the curve referred to its own axes is 

V2a;»-V2y' = 22. (3) 

The hyperbola is equifateral, and its transverse axis lies 
on the axis of x, (Let the reader construct it.) 

4. Determine the nature of the locus 

a? + y'-2xy + 2x^y^\=0, (1) 

transform the equation and construct it. 
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Here S = 0, A is not zero. 
Therefore the locus is a parabola. 

= 45^P=O, e = 2, ?7=iV2,F=-fV2; 

hence, by revolving the axes through an angle of 45**, the 

equation becomes 

2y» + iV2a:-fV2y-l = 0, 
y. _ |y2y +(|V2)« = - \V2x + if, 
(y - |V2)« = - i V2(a; - ^V2), (2) 

Passing to parallel axes whose origin is (ff V2, f V2), 

(2) becomes y. = _jV2^. (3) 

the locus of which is a parabola whose latus rectum, or para- 
meter, is i V2. 



or 



or 




Rg. 77. 



To construct the equation, draw the original axes OiXi, OiYi ; 
then draw the second set of axes Oi-Zi, Oil^, making 
XiOiX, = 46^ 

Locate the new origin Os,(ffV2. fV2), and through it draw 
the third set of axes Os JTj, OsFj, to which (3) refers the locus, 
which is now easily drawn. 

5. Determine the nature of the locus represented by 
a:' -- 4a;y + 4^^ - 6a: + 12y = 0, 
and construct it. 
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Here S = and A = 0. 

Hence the locus is two parallel straight lines. Factoring 
the first member of the equation, or solving the equation for 
X or y, we obtain as the equations of these lines 

6. Determine the nature of the locus of 

and construct it. 

Here S is negative, and A = 0. 

Hence the locus is two intersecting straight lines. Their 
equations are 

y + 2a? + l = 0, and y — 3ar=0. 

196. A Oonic is the locus of a point whose distance from a 
fixed point bears a constant ratio to its distance from a fixed 
straight line. 

196. To find the equation of a conic. 



1 

N 


r 


P^^ 


R 


/ 







^l F 


J 


tf 



y 



Rg. 78. 



Let F be the fixed point, and FF' the fixed straight line. 
Through i^draw XO perpendicular to YY\ and use OX and 
Fas axes of reference. Let p denote the distance 0-F, and 
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e the constant ratio ; then FP-^ NP=e, P being any point 
(x, y) in the curve. 

Now FP^ = FIP + MP\ 

But FP =eXNP=ex, 

FM^x—p, MP=y. 

Therefore ^x" =(a?— ^)' + y', 
or {\-^)o^ + y'-2px+p^=^0, (1) 

which is the equation required. 

OoE. In equation (1), which is of the second degree, 
2 = 4(1-6*), and A = 4^V. 

Hence, when the fixed point is without the fixed line, A is 
not zero, and 

If e < 1, S > 0, and the conic is an ellipse. 

If « = 1, S = 0, and the conic is a parabola. 

If e > 1, S < 0, and the conic is an hyperbola. 

When the fixed point is in the fixed line, A = 0, and 
If e < 1, S > 0, and the conic is the point (0, 0). 
If e = 1, S = 0, and the conic is a right line. 
If e > 1, S < 0, and the conic is two intersecting right lines. 
If e = 0, by § 61, the conic is a circle or a point, according 
as^ is not or is zero. 

From §§ 92, 150, 183, it follows that the fixed point is a 
FocnSy the fixed right line a Directrix, and the constant ratio the 
Eccentricity, of the conic. 

Ex. 40. 

Determine the nature of the following loci, transform their 
equations, and construct them. 

1. 3a:» + 2y»-2ar + y-l = 0. 

2. 3a;» + 2ay + 3y»-16y + 23 = 0. 
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3. a^-lOxy + f + x + y+l^^O. 

4. a^ + xy + i/^'\-x + y — 5 = 0, 

5. y* — aj* — y = 0. 

6. l + 2a: + 3y" = 0. 

7. y'-2a:y + a;'-8a?+16 = 0. 

8. x' — 2xy + y'-6x-6y + 9 = 0. 

9. y'-2a:-8y + 10 = 0. 

10. 4a;" + 9y' + 8a; + 36y + 4 = 0. 

11. 52a;' + 72a:y+73y» = 0. 

12. 9y*~4a;'--8a;+18y + 41=0. 

13. y* — ay — 5a? + 5y = 0. 



CHAPTER IX. 
HIGHER PULNE CURVES. 

197. An Algebraic Onnre is one whose rectilinear equation 
contains only algebraic functions. A Transcendental Oonre is 
one whose rectilinear equation involves other than algebraic 
functions. Thus the loci of y = a*, y = tanar, y=^{a'—x) 
tan (i wa; -i- a), y = sin~*a; are transcendental curves. Tran- 
scendental curves, and all algebraic curves above the second 
order, are called Higher Plane Onrves. 

Let the symbol F{x, y) denote any rational integral function 
of X and y, of the third or higher degree. If Fix, y) breaks 
up into simple or quadratic factors in x and y, the locus of 
F{x, y) = consists of lines of the first or second order. If 
F{x, y) does not break up into rational factors in x and y, the 
locus of F(x, y) = is a higher plane curve whose order is of 
the degree of the equation. Thus the locus of 

consists of the right line y — a: = and the ellipse y*+ a;y + a;* = ; 
the locus of 

x' + x'y' + 2y'-2x'-5x'-S = {y'+23^+S)(y'-x'-l) = 0, 
consists of the ellipse y'+2a;' + 3 = 0, and the hyperbola 
y' — a:* — 1 = ; while the locus of y* — oa? + a;' = is a 
higher plane curve of the third order. 

In this chapter we shall consider a few of the higher plane 
curves, some of which possess historic interest from the labor 
bestowed on them by the ancient mathematicians. 

108. The Oissoid of Diocles. Let XS be a tangent to the 
circle XSO at the vertex of any diameter 0X\ let OB be 
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any right line from O to XH cutting the circle at /S, and 
take 0P= R8\ then the locus of P, as OR revolves about 
0, is the dssoid. 

II |H 




Rg. 79. 



To find its equation referred to the rectangular axes OX 
and O F, let 0M=- x, MP==y, and 00= 0X= OD = r. 



Now 
Since 
Hence 
and 



MF:0M::N8:0N, 

0P = R8, OM=NX, 

0N=- OX- NX= OX- 0M= 2r - x. 



(1) 



N8= VONxNX= V(2r - x)x. 
Substituting these values in (1), we obtain 

^ ir — x 2r — OP 

which is the equation sought. 



[48] 
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A discussion of [48] leads to the following conclusions : 

(i.) The curve lies between the lines x = and x = 2r. 

(ii.) It is symmetrical with respect to the axis of x. 

(in.) It passes through the extremities of the diameter 
perpendicular to OX. 

(iv.) It has two infinite branches to which x = 2r is an 
asymptote. 

Cob. 1. To find the polar equation let $=XOP and 
P=OP; 

then costf-gl'or-g^ 

OB OX 

Hence p = OF=SB = OB-08=-^-2rcoBe 

COB0 

coaO 

Therefore p = 2r sin tf tan 6, 
which is the equation sought. 

The cissoid was invented by Diodes, a Greek mathematician 
of the sixth centuiy a.d, for the purpose of constructing the 
solution of the problem of finding two mean proportionals^ of 
which the duplication of the cube is a particular case. 

Cob. 2. To duplicate the cube, in Fig. 79, take C£ = 2r, 
and draw PJTcutting the cissoid in Q ; then, since CX= ^CB, 
UX= iJEQ. But from the equation of the cissoid, we have 

EQ^ = ^ =-^ ; therefore E(^ = 2 0E\ 
EX \EQ, 

Now let c denote the edge of any given cube ; take Cx so 

that 

0E\ EQ\\c\c^, or OE^ : EQ \\&\ cf. 

But E(^ = 2 0E\ therefore Ci» = 2c» ; 

that is, Ci is the edge of a cube double the given cube in vol- 
ume. In like manner, by taking CB = mr, we can find the 
edge of a cube m times the given cube in volume. 
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199. The Oonohoid of ITioomedes. The Oonohoid is the locus 
of a point Psuch that its distance from a fixed line XX\ 
measured along the line through P and a fixed point A, is 
constant. A is the Pole, XX^ the Directrix, and the constant 
distance jBP, denoted by 6, is the Parameter. 




Rg. 80. 

To construct the conchoid by points, through A draw any 
line AP cutting XX in jB. Lay off RP = J on both sides of 
XJT'. In like manner locate the points P^ and any number 
of others, and trace the branches through them. 

To find the equation of the curve referred to XX^ and a 
line through A perpendicular to XX^ ; let 

OM-=x, MP = y, AO = a. 
Now AB :BP:: RM: MP, 

and RM= -s/RP'-MP' = V^^. 

Therefore x-.y + a:: -Vb^ — t/^ \y. 
Therefore ocV = (y + a^if^ - y^)^ [49] 

which is the equation of both branches of the conchoid. A 
discussion of [49] leads to the following conclusions : 

(i.) The curve lies between the lines y = ft and y = — &. 
(ii.) The curve is symmetrical with respect to the axis of y. 
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(iii.) The axis of x is an asymptote to each branch of the 
curve. 

If J > a, the lower branch has an oval or loop, as in the 
figure. 

If h — a, the lower branch passes through A and is some- 
what like that in the figure, without the loop below A. 

If J < a, the upper and lower branches are like the dotted 
lines in the figure. 

If a = 0, the conchoid becomes a circle. 

Cob. 1. If A be the pole and A Fthe polar axis, we have 
p = Alff ±L RP = a sec ^ ± &, 
which is the polar equation of the conchoid. 

The conchoid, invented by Nicomedes, a Greek mathema- 
tician of the second century A.D., was, like the cissoid, first 
formed for solving the problem of finding two mean propor- 
tionals or duplicating the cube. It is more readily applicable, 
however, to the trisection of an angle, a problem not less cele- 
brated among the ancients. 




Fig. 81. 



Cor. 2. To trisect any angle, as OAF (Fig. 81), on ACleij 
oS AJR any length ; through i? draw UK perpendicular to 
AF, and take KF= 2 FA. Construct a conchoid with A as 
a pole, XJT' as a directrix, and KF as a parameter. 
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At B erect a perpendicular to JTX' intersecting the con- 
choid in D ; then DA will trisect the angle HAP, 

For bisect J)B in S; then 

IiS=8D = iS:P =ItA. 

Therefore ZBA8=ZIiSA==2ZIiI)S=2ZI)AP. 

Therefore j^DAP=\ZPAP, 

200. The Lenmisoate of BemonllL The Lemniscate is the 
locus of the intersection of a tangent to a rectangular hyper- 
bola with the perpendicular to it from the centre. 

To find its equation we proceed as follows : 

- The equation of the tangent to the equilateral hyperbola 
«* — y* = «' at the point (a?i, yi) is 

XiX — yj^ = a^ (1) 

The equation of the perpendicular from the origin to (1) is 

Solving (1) and (2) for Xi and yi by multiplying each term 
of (1) by one of the members of (2), we obtain 

. a^x a^y 
^ xi yx 

Therefore a?i=-j-j — •» yi = — , , . » 

But, since {x^, yO is on the hyperbola, we have Xx — y\ = a' ; 
hence, by substitution, we obtain 

(flC2 + y2)2 ^ «2 (aj2 - y% [50] 

which is the equation sought. 
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From [50] it follows that the curve is symmetrical with 
respect to both axes. The form of the curve is given in the 
figure. 




Fig. 8S. 



CoE. 1. Substituting p cos0 for x, and p sin0 for y in [50], 
and remembering that CQs'tf — sin'd = cos 2tf, we obtain 



p' = a'coB2d 
as the polar equation of the lemniscate. 



(2) 



CoE. 2. From (2), p = =fc a Vcos2d. 



Hence, when tf = 0, p = ± a. As tf increases from 0® to 45°, 
p changes from =b a to db 0, and the portions in the first and 
third quadrants are traced. As 6 increases from 45° to 135°, 
cos 20 is negative and p is imaginary. As increases from 
135° to 180°, p changes from d= to ± a, and the portions in 
the second and fourth quadrants are traced. Therefore 

(i.) The curve consists of two ovals meeting at the pole 0. 

(ii.) The tangents to the curve at are the asymptotes to 
the equilateral hyperbola. 
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201. The Witch of Agnesi. Let YH be a tangent to the 
circle 0-KT at the vertex of the diameter Y\ let OR be any 
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Fig. 83. 

line from to YS" cutting the circle in K\ produce the ordi- 
nate DK, and make DP=YR\ then the locus of P is the 
Witch. 

To find its equation^ let the tangent OX and the diameter 
Oy be the axes; let 0Y=2r and P be any point; then 
0D = y, DP =x,a,nd 

ODiOYr.DK: DP(= YE), (1) 

or y : 2r : : Vy (2?- — y):x. 

Therefore a?^ = 4ra (2r— y) [51] 

is the equation of the Witch. 



Cob. 1. Since a? = db 2r V(2r — y)H-y, it follows that 
(i.) The curve is symmetrical with respect to the axis of y. 
(ii.) The curve lies between the lines y = and y = 2r. 

(iii.) The axis of x is an asymptote to each infinite brantjh. 

Cob. 2. From (1) it follows that corresponding abscissas of 
the circle and the Witch are proportional to the ordinate and 
the diameter of the circle. 

The Witch was invented by Donna Maria Agnesi, an 
Italian mathematician of the eighteenth century. 
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902. The OjdQid. A Cycloid is generated by a point P in 
the circamference of a circle RPC^ which rolls along a right 
line OX, The curve consists of an unlimited number of 
branches, but a single branch is usually termed a cycloid. 
The right line OX is called the Base; the rolling circle RPQ 
the Generatrix; and P the Qeneratmg P<nnt. If 0K= KX, 
the perpendicular KH\& the Axis, and J? the Highest Point. 
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Fig. 84. 

To find the equation of the curve, first take as the axis of 
X the base OJT, and as the origin the point O, where the 
curve meets the base. Let r denote the radius of the genera- 
trix BPC, and $ the angle POP ; then arc PP equals OP 
over which it has rolled, and ^ = arc PjB -j- r. Denote the 
co-ordinates of P by a? and y ; then 

x=OM = OP'-MP = a^TcPP-'PN=:re-rainff. 
y = MP=PC-NO =r-rcos#. 
Therefore 



y = r (1 — cos tf) ) ' 



(1) 



Equations (1) taken as simultaneous are the equations of 
the cycloid. 

To eliminate $ between these equations, from the second, we 
obtain 
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costf =!l:ii^; therefore, Bin tf = ± ^^^~y' ; 
r r 

and vers ^ = [1 — cos tf] = ^^ ; or tf = vers ~*2^. 

T T 

Substituting these values of and sin in the first of equa- 
tions (1), we have 

a? = r vers -1 J q: V2ry-y«, [52] 

which is the equation of the cycloid in the more common form. 

In the value of sin d, and therefore in equation [52], the 
upper or lower sign is used according as tf < or > «• ; that is, 
according as the point is on the first or second half of a branch. 

From y = r (1 — cos &) it follows that the locus lies between 
the lines y = and y = 2r. 

For y = in [62], a: = 0, =fc 2 wr, d= 4wr, ; hence, the locus 

consists of an unlimited number of branches like OHX, both 
to the right and left of F. 

203. Let the highest point (Fig. 85) be taken as the ori- 
gin, and OX parallel to the base as the axis of x\ then OF, 
the axis of the curve, will be the axis of y. Let tf denote 
the angle HCK. 

The point jBTwas at Fwhen P was at 0, and arc KH= YH^ 

Hence x = 0M= YH-^- BF=r0 + r sin $. 

y = -MF = -NO+£0=-r + r cose. 

Hence the equations are 

x = rie + Bm$)\ . 

y = r(costf-l)/ ^ ^ 

or x=r vers"* i~^} — V— 2ry — y*. (2) 
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The invention of the cycloid is usually ascribed to Gralileo. 
After the conies, no curve has exercised the ingenuity of 
mathematicians more than the cycloid, and their labors have 
been rewarded by the discovery of a multitude of interesting 
properties. For example, the length of the branch HOA is 
.eight times the radius, and the area SOA is fhree times the 
area of the generating circle. 

Ex. 41. 

1. Prove that the cissoid is the locus of the intersection of 
a tangent to the parabola y' = — Srx with the perpendicular 
to it from the origin. 

By § 112, the equation of the tangent to y^ = — Srx is 

2r 
y =mx , 



m 



and the perpendicular to it from (0, 0) is 

y 



x\ therefore, m = . 

m y 



(1) 



(2) 



Eliminating m between (1) and (2), we obtain 
,_ x" 
^ 2r-x 

2. At the centre of any circle C(Fig. 86), erect CSl, to 
the diameter 0X\ and on XO produced lay off OA = 0C= r. 
Let LQH be a rectangular ruler of which the leg QM equals 
2r. If the ruler be moved so that the leg LQ slides along A, 
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while the end B slides along CS, prove that the locus of P, 
the middle point of QE, is a cissoid. 




Fig. 86. 



Let OJTbe the axis of x, the origin, and AQB any posi 
tion of the ruler ; then 0M= x, MP = y, 

EQ=MN=CM=-x-r, AN=20M=2x, 

EP^=P^-Eq^=7^-{x-ry=:2rx-a^, 

y=MP=NQ + EP, 

NQ'.ANr.EQ'.EP, 

NQ:2x:\x 



(1) 
(2) 



or 



r : V2rar — a;*. 
From (1), (2), and (3), we obtain 

y = -^ -^ + V2r.r — a;*, or y* = 



(3) 



2r-c 



-V2rx — a^ 

This method of describing the cissoid by continuous motion 
was invented by Sir Isaac Newton. 
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3. In Fig. 79 prove that US and ON are two mean pro- 
portionals between OJf and NI; that is, prove 

OM'.NSiONiNL 
N8^=NXx 0N= OMx ON. 
The right line 0/will pass through K\ hence 

Z OIN=/L YOI= HvcOK= ioxcSX 
= ZSOX; 
therefore NSiONi: ON: NI, etc. 

4. If in the lemniscate (Fig. 82), 0F'= 0F= }a V2, prove 
that FF X F*F is constant, F being any point on the curve ; 
and hence that the lemniscate may be defined as the locus of 
a point the product of whose distances from two fixed points 
is constant. 

5. Construct the logarithmic curve y = a*, or a: = logay. 
Prove that every logarithmic curve passes through the point 
(0, 1), and has the axis of a; as an asymptote. 

6. The Trochoid is the curve traced by any point in the 
radius of a circle rolling on a right line. If r denote the 
radius of the circle, b the distance of the generating point from 
its centre, and ^ denote the same angle as in § 202, show that 
the equations of the trochoid are 

a; = r^ — J sin ^ 1 ,y. 

y = r—i cos ^/' 
When i<r, the trochoid is called the Prolate Oycloid; and 
when i > r, the Curtate Oyoloid. When i = r, the curve is the 
cyclmd. 

Spirals. 

204. A Spiral is the locus of a point whose radius vector 
continually increases, or continually decreases, while its vec- 
torial angle increases (or decreases) without limit. 
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A Spire is the portion of the spiral traced during one revo- 
lution of the radius vector. 

The Heasnring Oircle is the circle whose centre is the pole 
and whose radius is the value of p when = 27r, 

205. The Spiral of Archimedes. If the radius vector of a 
moving point has a constant ratio to its vectorial angle ; that 



is, if 



p^cO, 



the locus is the Spiral of Archimedes. 

From equation (1), we have 
When tf = 0,ifl-, fir, fir, «-, f^-, f^-, ^ir, 27r, fir, 
p = 0, Jwc, Jwc, |irc, TTCf f ttc, f wc, JwC, 2 ire, Jwc, 



(1) 




Hence to construct the Spiral of Archimedes, draw the radial 

lines 0-5"', OA, OB, 00, including angles of Jir ; on these 

lay off Oa = j7rc, Oi = |irc, 0(?=firc, ...... Oj&"=2irc, and 

trace the first spire OahcdefgJS through these points. Any 
number of other spires are easily constructed by noting that 
the distance between two spires, measured on a radius vector, 
is equal to 2ir(?. Thus, by taking aA, bB, cC, dD, eE,fF, gO, 
HH\ each equal to 2ir(?, we obtain points of the second spire ; 
and so on. Any number of additional radial lines may be 
drawn to locate points in the curve. 
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The spires, being everywhere equally distant along radial 
lines, are said to be parallel. The measuring circle is MUS, 
whose radius is OS or 2 ire. 

206. The Sedprocal or Hyperbolio Spiral If the radius 
vector of a point varies inversely as its vectorial angle ; that 
is, if P« = c, (1) 

the locus is the Bedprocal Spiral 

Since p = c -s- tf , we have 
when tf = 0, \ir, Jir, fir, », |», }», |«-, 2ir 

^ = °°' ^h ^h ^h ^h *d' ^h ^h h 

Hence the radius of the measuring circle is c + 2ir, and its 
circumference is c. 

»^ ,:^ 




Fig. 88. 



To construct the curve draw the radial lines OX, Oa, Ob, 
Oc, Od, Oe, Of, 0^, including angles of Jir. Take 0H=c^2ir, 
and lay off Oa = 8xO^, Ob^AxOff, Oc = \xOK, 
Od=2x OH, etc. ; and through the points a, &, c, rf, etc., 
trace the curve. In like manner, any number of spires may be 
drawn. From (1) it is evident that p approaches zero, as 
$ approaches infinity ; that is, the curve continually approaches 
the pole without ever reaching it. 

Since pO = c, it follows that the arc FK described with 
the radius vector of any point F is constant and equal to c. 
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Now, as p approaches infinity, this arc approaches a perpen- 
dicular to OX, Hence the line parallel to OX at the distance 
of c above it is an asymptote to the infinite branch of the spiral. 

207. The Litnns. If the square of the radius vector of a 
point varies inversely as its vectorial angle ; that is, if 

the locus is the LitniiB. 




Fig. 89. 

Let the student construct the curve from its equation and 
show that 

(i.) The curve continually approaches the pole without ever 
reaching it, as $ increases without limit. 

(ii.) The polar axis is an asymptote to the infinite branch. 

208. The Logarithmio Spiral. If the radius vector of a point 
increases in a geometrical ratio, while its vectorial angle 
increases in an arithmetical ratio ; that is, if 

p = a^, or tf = logap, (1) 

the locus is the Logarithmic Spiral 

Since p = 1 when fl = 0, every logarithmic spiral passes 
through the point (1, 0). 

To construct a logarithmic spiral let a = 2 ; then p = 2fi. 

When fl = 0, 1(=57^3), 2(= 114^6), , 2^. 

P=l, 2 ,4 , 77.88. 
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In Fig. 90 let XOh = 57.3^ XOc = 114.6^ Oa= 1, Ob = 2, 
Oc = 4, then a, ft, c are three points on the spiral. As 6 
increases, p increases rapidly, but it becomes infinity only when 
6 does ; and hence only after an infinite number of revolu- 




Flg. 90. 

tions. As decreases from zero, p decreases from unity. 
Since p approaches zero as approaches negative infinity, the 
curve approaches the pole without ever reaching it. 

209. The Parabolic Spiral. If in the equation y» = 4^a:, 
the values of x be laid off from A (Fig. 91) on the circle 
AITf and those of y on its corresponding radii produced, the 
locus of the point thus determined is the Parabolic SpiraL 

To find its equation, denote the radius OA by r ; and let 
P be any point, then 

X = AmH'= r$. 

y-=MF= OF— OH^p-'T. 
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Substituting these values of x and y in y* = 4/?a?, we obtain 
the polar equation 



Fig. 91. 

The curve consists of two branches beginning at A ; the one 
determined by the positive values of y is an infinite spiral 
lying entirely without the circle; the other branch passes 
through the pole, forms a loop, and passes without the circle 
when p=: — r, and $ = r -^ />. 

Note. Among the ancients no problems were more celebrated than the 
" Duplication of the Cube " and the " Trisection of an Angle." Hippo- 
crates of Chios reduced these two problems to the more general problem 
of finding two mean proporiionaU between two given lines. Thus, if c be 
the edge of the given cube, and x and y be the two mean proportionals 
between c and 2 c, we have 

ciX'^xiy = y:2c. 



Therefore f iV. £ ^ ? X f - J. or »• - 2c'. 

\xj X y 2 c 



Hence x^ the first of the two mean proportionals between c and 2 c, is 
the edge of a cube double the given cube in volume. 

After years of vain endeavor to solve these problems by the right line 
and the circle, the ancient geometers began to invent and study other 
curves, as the conies and some of the higher plane curves. The inven- 
tion of the conies is credited to Plato, in whose school their properties 
were an object of special study. 
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THE POINT. 

210. The position of a point in space may be determined by 
referring it to three fixed planes meeting in a point. The 
fixed planes are called Oo-oxdinate Planes, their lines of inter- 
section the Oo-ordinate Axes, and their common point the OiigiiL 
In what follows we shall employ co-ordinate planes that inter- 
sect each other at right angles. 

Let XOY, YOZ, ZOX, be three planes of indefinite extent 
intersecting each other at right angles in the lines XX\ YY\ 
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ZZK These co-ordinate planes are called the planes ay, yz, 
zx, respectively; the axes XX\ YY\ ZZ\ are called the 
axes of X, y, z, respectively ; and their common point is the 
origin. 
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The co-ordinate planes divide all space into eight portions, 
called Octants, which are numbered as follows : The First Oc- 
tant is 0-XYZ, the Second 0-YX'Z, the Tfdrd 0-X^TZ, 
the Fourth 0-TXZ, the Fifth 0'XYZ\ the Sixth, 0-YX'Z\ 
the Seventh 0-X'TZ\ the Eighth O-TXZK The fifth 
octant is below the first. 

Let P be any point in space, and through it pass three 
planes parallel respectively to the three cc-ordinate planes, 
thus forming the rectangular parallelepiped P-ORNM, The 
position of P will be determined when we know the lengths 
and directions of the lines LP, QP, NP. These three lines 
are called the Eectangular Oo-ordinates ar, y, z, of the point P, 
which is written {x, y, z). 

A co-ordinate is positive when it has the direction of OX, 
O Y, or 0Z\ hence it is negative when it has the direction of 
OX', OY', or OZ'. 

Thus the co-ordinate x is positive or negative according as 
it extends to the right or to the left from the plane yz ; y is 
positive or negative according as it extends to the front or to 
the rear of the plane zx ; and z, according as it extends upward 
or downward from the plane xt/. Hence the octant in which 
a point is situated is determined by the signs of its co-ordi- 
nates. Since the first octant has the positive directions of the 
axes for its edges, the co-ordinates of a point in the first octant 
are all positive. If (a, b, c) be a point.in the first octant, the 
corresponding point 

in the second octant is (— a, h, 6), 

in the third octant is (— a, — b, c), 

in the fourth octant is (a, —b, c), 

in the fifth octant is (a, b, — c), 

in the sixth octant is (— a, b, — c), 

in the seventh octant is (— a, — 5, — c), 

in the eighth octant is (a, — 6, —c). 
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The point (re, y, 0) is in the plane xy. 
The point (x, 0, 0) is in the axis of x. 
The point (0, 0, 0) is the origin. 

The lines OM, OB, OS, or OM, MN, NP, may be taken as 
the co-ordinates of P, for they have the same length and 
direction as LP, QP, NP, respectively. To construct P, 
{x, y, z), we take 0M= x, draw MN parallel to OY, take 
MN=y, draw NP parallel to OZ, and take NP = z. 

211. The Baditus Vector of a point is the line drawn to it 
from the origin. Thus OP (= p) is the radius vector of P, 
From the rectangular parallelepiped in Fig. 92, we have 

OP' = OM'+MIP + iVP'. 

Hence, denoting the co-ordinates of P by x, y, z, we have 

p? = a52 + yaH-««. [53] 

That is, the square of the radius vector of a point is eqv/il to 
the sum of the squares of its rectangular co-oi'dinates. 

212. By the angle between two non-intersecting straight 
lines is meant the angle between any two intersecting straight 
lines that are parallel to them. Thus, any line parallel to 
OP (Fig. 92) makes the angles XOP, YOP, ZOP with the 
axes of X, y, z, respectively. 

The angles which a* line makes with the positive directions 
of the co-ordinate axes are called its Direction Angles ; and the 
cosines of these angles are called the Direction Oosines of the 
line. 

The direction angles of a line are always positive and can- 
not exceed w, or 180**. 

213. Let a, p, y denote the direction angles of OP (Fig. 92), 
or any line parallel to it, and x, y, z the co-ordinates of P, and 
let p = OP; then evidently 
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a? = p008a,y = p008P,2; = pe08Y. [54] 

Squaring and adding [54], and substituting in [53], we 
obtain 

cos^a + cos^p + eo8^Y = l« [55] 

That is, the sum of the squares of the direction cosines of a 
line is equal to unity. 

Cob. Whatever be the values of a;, y, z in [54], if they each 
be divided by p, or Va;* + y* + «*, the quotients are the direc- 
tion cosines of the radius vector of the point (a?, y, 2). 

Hence, if any three real quantities be each divided by the 
square root of the sum of their squares, the quotients are the 
direction cosines of some line, 

Ex. 42. 

1. In what octants may (ar, y, z) be, when x is positive ? 
when X is negative ? when y is positive ? when y is negative ? 
when z is positive ? when z is negative ? 

2. In what octant is (- 2, 4, 6) ? (2, 4, - 3) ? (- 2, 4, - 1) ? 
(-2,-3,-1)? (-2,-3,3)? (2,-3,1)? (2,-1,-3)? 
Construct each point. 

3. In what line is (a, 0,0)? (0, 0, c)? (0, J, 0)? 

4. In what plane is (a, J, 0) ? (a, 0, c) ? (0, 6, c) ? 

5. Find the length of the radius vector of (3, 4, 5), (2, — 3, 
— 1), (7, —3, — 5). Find the direction cosines of th« radius 
vector of each point. 

6. The direction cosines of a line are proportional to 1, 2, 3 ; 
find their values. What is the direction of the line ? 

7. What is the direction of the line whose direction cosines 
are proportional to A, B, C? What are Ifhe values of its 
direction cosines? 
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8. Two direction angles of a line are 60° and 45**, what is 
the third? If two are 60* and 30^ what is the third? If 
two are 135* and 60*, what is the third? 

214. Projections. The projection of a point upon a right 
line is the foot of the perpendicular from the point to the line ; 
or it is the intersection of the line with the plane through the 
point perpendicular to the line. Thus Jf, i?, S (Fig. 92) are 
the projections of the point P upon the axis of a:, y, z, respec- 
tively. Here and in the following pages, by projection is 
meant the orthogonal projection. 

The projection of a limited right line on another right line is 
the part intercepted between the projections of its extremities. 

Hence, OM, OR, OS (Fig. 92), are the projections of OP 
on the axes of x, y, z, respectively. That is, the co-ordinates 
of any point are the projections of its raditis vector on the three 
axes. 

216. The projections of any line PQ on parallel lines are 
equal ; for these projections are parallel lines included between 
parallel planes through F and Q, Now the projection of any 
straight line on another that passes through one of its extrem- 
ities is evidently equal to the product of its length into the 
cosine of their included angle. 

Hence, the projection of any limited straight line on any 
other straight line is equal to its length multiplied by the cosine 
of the angle between the lines, 

216. Let AD (Figs. 93, 94) be a straight line, and ABOD 
any broken line in space, connecting the points A and Z>, and 
let A\ B\ 0", D^ be the projections of A, B, (7, D upon OX, 
whose positive direction is OX. Denote the angle RAD by 
4>, the length of the lines AB, BO, CD by Ix, i, 4. and the 
angles which they make with the positive direction of OX by 
tti, a,, os; then in (Fig. 93), we have 
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A'iy = A'B + BC' + CJy ; 
Therefore ^I>coi + = liooiai + fcoosoa + lsowoa. [56] 
In Fig. 94, C'lf is negative ; but U cos Of is also negative, 

since Of, or 8CD, is obtnse ; hence formula [56] holds tarue in 

all cases. 
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That is, i?ie algebrcdc sum of the projectioTis on a given line 
of the parts of any broken line connecting any two points is 
equal to the projection on the same line of the straight line 
joimng the same two points. 

217. To find the angle between two straight lines in terms of 
their direction cosines. 
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Let OP and OF' be parallel respectively to any two given 
lines in spsu^e. Let $ denote their included angle, and a, fi, y, 
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and a', pfy y' their direction anglest respectiTely. Let OJf, 
JOT, iVP' be the co-ordinates of P' ; then- the projection of 
OP' on OP equals the sum of the projections of OM^ MN, 
HP' on OP; that is. 

OP cos e = OJf cosa + MNcQ^p + JVP' cosy. 

But OM=OP' coaa', MN=OP' co&pf, NP'=OP' cosy. 

Hence OP' cos tf = OP' co&J cosa+ OP' cosfi^cosfi 
+ OP' cosy cosy, 

or CO80 = CO8aCO8a'+COSPCO«P'+CO8YCO8y, [57] 

which is the required formula. 

218. To find the distance between two points in terms of their 

co-ordinates. 




Fig. 96. 

Let Pi be the point (rci, yi, Zi), and P, the point (a?,, y„ z,). 
Through ' Pj and P, pass planes parallel to the co-ordinate 
planes, thus forming the rectangular parallelepiped whose 
diagonal is PiPi, and whose edges PxL, LK, KP^ are par- 
allel to the axes of x, y, z, respectively. 

Then PiP^^PiL'+LK' + KP^\ (1) 
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Now PxL is the difference of the distances of Pi and P, 
from the plane yz, so that P^L = re, — Xi, For like reason, 
LK^ yt — yi, and KP^ = z, — Zi. Hence, denoting the dis- 
tance PiP, by D, we have, by substituting in (1), 

^ = V(a5, - ic,Y + (y, - y,Y + («, - »i)«, [58] 

which is the required formula. 

Cor. 1. Since PiL, LK, KPt are equal to the projections 
of the line PiP, on the co-ordinate axes, it follows, from [58], 
that 

The sqxuire of any line is equal to the sum of the squares of 
its projections on the axes. 

Cor. 2. If a, ^, y be the direction angles of the line PiPj, 
we have 

a:, — aTi = i) cosa, y, — yi = 2) cos ^, z,— Zi = JD cosy. 

219. Polar Oo-ordinates. Let XOYhe a fixed plane, OX a 
fixed line in it, and OZ a perpendicular to it at the fixed point 
0. To P, any point in space, draw OP, and through OP 




pass a plane perpendicular to XO Z, intersecting the latter in 
OJV; then the distance OP and the angles ZOP and MON 
determine the point P, and are called its Polar Oo-ordinates ( 
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OP, denoted by p, is the BadinB Vecfeor ; and the angles ZOP 
and MON, denoted by B and ^ respectively, are the Vectorial 
Angles. The point P is written (p, 0, 4). ^ determines the 
plane ZOI^, determines the line OP in that plane, and p 
locates P in OP, 

Cob. If XOY he a right angle, the rectangular co-ordinates 
of P are OM, MN, NP, To express these in terms of the 
polar co-ordinates of P, we have 

X — OM = OiVcos^ = OP sin d cos ^ = p sin d cos ^. 
y = MN= OiVsin ^ = OPsin tf sin ^ = p sin ^ sin ^. 
z = NP = OP cos =p cosfl. 

We readily obtain also 



p = VV+7+^), 



tang=V(^ + .^^ tan<^ = ^. 
z X 

220. The ProjeGtion of a point on a plane is the foot of the 
perpendicular from the point to the plane. The perpendicular 
itself is the Projector of the point. Thus, the point N^Fig. 97) 
is the projection of Pon the plane a^, and PiVis its projector. 

The projection of a limited straight line on a plane is the 
straight line joining the projections of its extremities. The 
Inclination of a line to a plane is the angle which it makes with 
its projection on that plane. The projection of a limited line 
is evidently equal to its length multiplied by the cosine of its 
inclination. Thus, 0N= OP cos NOP. 

The projection of any curve upon a plane is the locus of the 
projections of all its points. The Projecting Cylinder of a curve 
is the locus of the projectors of all its points. In the case of 
a right line this locus is the Projecting Plane. 
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Ex. 43. 



1. Find the distance between the points (1, 2, 3), (2, 3, 4); 
(2, 3, 4), (3, 4, 5); (1, 2, 3), (3, 4, 5). 

2. Prove that the triangle formed by joining the three 
points (1, 2, 3), (2, 3, 1), (8, 1, 2) is equilateral. 

3. The lengths of the projections of a line on the three 
co-ordinate axes are 3, 4, 5, respectively ; find the length of 
the line. 

4. Find the direction cosines of the radius vector of the 
point (— 3, — 4, 6). 

6. What lines have direction cosines proportional to 3, — 2, 
~ 5 ? Find the values of these direction cosines. 

6. Find the angle between two straight lines whose direction 
cosines are proportional to 1, 2, 3, and 2, 3, 6, respectively. 

7. Find the angle between two straight lines whose direction 
cosines are proportional to 1, 2, 3, and 5, —4, 1, respectively. 

8. Find the polar co-ordinates of the point ( V3, 1, 2 V3). 

9. Fitrd the rectangular co-ordinates of the point (4, ^, \jr), 

10. If (x, y, z) bisect the line joining (xi, yi, Zi) and (a?2, y,, z,), - 
prove that x = i(xi + x^), y = J (yj + y,), z^i(zi + z^). 

11. If (Xj y, z) divide the line joining (a?i, yi, Zi) and 
(^s> ya» ^)> ill ^ihe ratio, mi : w, ; prove that 

m^i + niiXt m^i + mjy, m^Zi + miZ, 

X = ; 1 y = J » Z = ; • 

1712 + mi m, + 7ni w,+ mi 

12. Find the co-ordinates of the point that divides the line 
joining (3, — 2, 4) and (1,3,— 2) in the ratio 1 : 3. 

13. Find the point that divides the line joining (— 2,— 3,— 1) 
and (— 5, — 2, 4) in the ratio 5 : 2. 



CHAPTER II. 

THE PLANE. 

221. To find the equation of a plane in terms of the length 
of the perpendicular from the origin, and its direction cosines. 




Rg. 96. 

Let OF he the perpendicular to the plane ABC from the 
origin ; denote its length by p, and its direction angles by 
a, j3, y. Let F be any point in the plane, OPits radius vector, 
and OMj MN, NF its co-ordinates, ar, y, z. Then the pro- 
jection of OF on OP is equal to the sum of the projections of 
OM, MN, NF on OF, But as the plane is perpendicular to 
OF, p is the projection of OF on 0F\ and the projections of 
OM, MN, NF on OF are respectively x cos a, y cos j8, z cos y ; 

hence a5C08a + yc©8P-f-»c©g7=i>, [59] 
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which 18 the equation required. Equation [59] is called the 
normal equation of a plane. 

Cor. 1. When the plane is perpendicular to one of the co- 
ordinate planes, the plane xy for example, OF lies in the plane 
xy ; hence y = J w, cos y = 0, and equation [59] becomes 

a;cosa + ycos^=p. (2) 

Cor. 2. When the plane is parallel to one of the co-ordinate 
planes, as the plane yz, OF lies in the axis of x ; hence cos a = 1, 
cos /3 = 0, cos y = 0, and [59] becomes 

x=p. (3) 

Cor. 3. Since 0-Pis perpendicular to the plane ABC, and 
OX to YOZ, the dihedral angle A-BC-0 = angle FOX. For 
like reason £-CA'0 = FOY, and C-BA-0 = FOZ, 

222. The heus of evenly equation of the first degree between 
three variables is a plane. 

A general form embracing every equation of the first degree 
between x^ y, 2, is 

Ax+By+Cz = D, (1) 

in which D is positive. Dividing both members by 

-JA'+B'+C, 
we obtain 

A ^ , B ... C 



D 



(2) 



in which the coefficients of x, y, z, are the direction cosines of 
some line (§ 213, Cor.). Thus (2) is in the form of [59] § 221 ; 
hence the locus of (2), or (1), is a plane. 

Cor. 1. The length of the perpendicular from the origin 
upon plane (1) equals the second member of equation (2), and 
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the direction cosines of this perpendicular are the coefficients 
in (2) of re, y, 2, respectively. These direction cosines are evi- 
dently proportional to A, B, C. 

Hence, to construct equation (1), draw the radius vector of 
the point {A, B, C) ; the plane perpendicular to this line at 

the distance — from the origin is the locus of (1). 

^A' + &+(P ^ ^^ 

CoR. 2. To reduce any simple equation to the normal form, 
put it in the form of Ax + By + Cz = D,m which D is posi- 
tive, and divide both members by V-4* + B^ + (7*. 

Cor. 3. If a simple equation contain only two variables, 
its locus is perpendicular to the corresponding co-ordinate 
plane ; if only one variable, its locus is perpendicular to the 
corresponding co-ordinate axis. 

223. To find the equation of a plane in terms of its intercepts 
on the axes. 

Let a, 6, c denote respectively the intercepts on the axes of 
the plane whose equation is 

Ax + By+Cz==I), (1) 

. Making y = z = 0, and therefore ar = a, (1) becomes 

Aa = JD, or A = JD -i- a. 
Making x = z = 0, and therefore y = b, (1) becomes 

Bb = I),OTB = I)^b. 
Making a; = y = 0, and therefore z = Ci (1) becomes 

Cc = I), or C=I)-^c. 
Substituting these values in (1), and dividing by Z), we have 

which is the required equation. Equation [60] is called the 
symmetrical equation of a plane. 
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224. To find the angle between any two 'planes. 
The angle included between the two planes 
Ax-\'By'^Ck = D, 
A^x + B'y+C^z = D\ 
is evidently equal to the angle included between the perpen- 
diculars to them from the origin. But the direction cosines 
of these perpendiculars are respectively (§ 222, Cor. 1). 

A B C_ 

VaF+W+c^' V^' + ^+^'' VAF+W+0^' 
A' B' a 



Substituting these values in [57], we haVe 

in which B equals the angle included between the planes. 

Cor. 1. If the planes are parallel to each other, ^ = and 
cos ^ = 1. Putting cos tf = 1 in [61], clearing of fractions, 
squaring, transposing, and uniting, we obtain 

{AB^ - BA'J -V^Aa- CAJ + {BC^ - CBy =- 0. 
Each term being a square, and therefore positive, this equa- 
tion can be satisfied only when each term equals zero, giving us 
AB^ = BA^, AO' = CA\ BC = CB\ 

or A. = ^=^ 

A' B^ & 

Hence, if two planes are parallel, the coefficients of ar, y, 2;, 
in their eqiccUions^ are proportional, and conversely. 

Cor. 2. If the planes are perpendicular to each other, 
cos ^ = ; and hence 

AA^ + BB+OC' = 0, 
and conversely. 
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225. To find the perpendicular distance of a given point from 
a given plane. 

Let the equation of the given plane be 

xco8a + ycoQfi + z cos y =p, (1) 

and let (a?!, yi, Zj) be the given point. Let the plane 

a: cos a + y cos )8 + 2 cos y =p\ (2) 

which is evidently parallel to the given plane, pass through 
the given point (xi, yi, Zi) ; then we have 

rCiCosa + yiCOSjS + ^iCOSy =^'. (3) 

Hence Xi cos a + yi cos )8 + Zi cos y —p =p' —p. 

But p^—p equals numerically the distance between the 
planes (1) and (2), and is therefore the required distance. 
Hence, to find the distance of any point from the plane 
a: cos a + y cos /8 + z cos y =^, 
substitute the co-ordinates of the point for x, y, z in the expression 
a: cos a + y cos /8 + z cos y —p. 

CoR. If the equation of the plane be Ax + ^y+ Cz= D, and 
d denote the distance of (xi, yi, Zi) from this plane, we have 
^_ Ax, + By, + Czi-D 
■VA' + B'+C^ 
The distance as given by the formulas will evidently be 
positive or negative j according as the point and origin are on 
opposite sides of the plane, or on the same side. The sign 
may be neglected if simply the numerical distance is required. 

Ex. 44. 

1 . To which co-ordinate plane is3y — 4z = 2 perpendicular ? 
a; — 82-7 = 0? a:-2y = 2? x==mz+p? y = nx+q? 
What is the locus of z = 5? y = -7? y = 4? z = — 2? 
a; = 0? y = 0? 2=0? 
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2. Reduce to the normal form 

Sx-2^ + z = 2; 5a: — 4y + « = 4. 

What is the distance of each of these planes from the origin ? 
What are the direction cosines of the perpendiculars to each ? 
Which of the eight octants does each truncate ? 

3. Find the intercepts on the axes oiSx—2y + 4:Z — 12 = 0\ 
of 6ar-4y-32 + 24 = 0; 6ar+ 7y + 6z + 36 = 0. Which 
of the eight octants does each truncate? 

Reduce each equatioto to the symmetricaj form. 

4. What is the equation of the plane at the distance 7 from 
the origin, and perpendicular to a line whose direction cosines 
are proportional to 2, — 3, and V3 ? 

6. What is the equation of the plane whose intercepts on the 
axes are respectively 4, —3, —7? —1,-2, —5? i, -|,i? 

6. Find the equation of the plane passing through the 
points (1, 2, 3), (0, 4, — 1), and (1, - 1, 0). 

7. Find the angle between the planes 

2a; + 2-y = 3, 

2 + a? + 2y = 5. 

8. Find the angle between the planes 

Sz + 5x—7y = —l, . 
Sz — 2x—y = 0, 

9. Find the angle which the plane Ax + By-\-Cz= JD 
makes with each of the co-ordinate planes. 

10. Find the distance from the point (2, — - 3, 0) to the plane 

VSz + 2x-S7/ = 4:. 

11. Show that the two points (1, — 1, 3) and (3, 3, 3) are 
on opposite sides of, and equidistant from, the plane 

5a; + 2y-72 + 9=0. 
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12. If, in Fig. 92, 0M=^ a, OR = b,08=^ c, find the equa- 
tion of the plane through the points M, P, B. Find the 
length of the perpendicular from S upon this plane. 

13. Prove that the plane 

passes through the point (xi, yi, Zi), and is parallel to the 
plane Ax -\- By + Qz = B, 

14. Find the equation of a plane passing through the point 
(3, 4, — 1), and parallel to the plane 2x + ^y — z = 2. 

15. What three equations must be satisfied in order that 
the plane Ax+By + Oz = B may pass through the two points 
(^1, yi» ^)f C^j. yi» 25i), and be perpendicular to the plane 

A'x + B'y+C'z = B'? 

16. Find the equation of the plane passing through the 
points (1, 1, 1), (2, 0, — 1), and perpendicular to the plane 
x + y — z = B. 

17. What three equations must be satisfied, in order that 
the plane Ax + By + Cz = D may pass through the three 
points (a?!, y^, 2i), (a?,, y„ z^, (a?,, y„ Zj)? 

18. Find the equation of the plane which passes through 
the points (1, 2, 3), (3, 2, 1), (2, 3, 1), and find the distance 
of this plane from the origin. 

19. Find the equation of the plane through (2, 3, —1) 
parallel to the plane Src — 4y + ^z = 0. 

20. Find the equation of a plane which passes through the 
point (1, 2, 3), and is perpendicular to each of the planes 
x + 2z = 1, y + 6z = l. 



CHAPTER III. 
THE STRAIGHT LINE. 

226. To firid th^ equaticms of a straight line. 

The co-ordinates of any point on the line of intersection of 
two planes will satisfy the equation of each of these planes. 
Hence, any two simultaneous equations of the first degree in 
x^ y, and z represent some straight line. Of the indefinite 




Fig. 99. 



number of pairs of planes that intersect in, and therefore 
determine, a straight line, the equations of its projecting 
planes on the co-ordinate planes are the simplest, and two of 
them are taken as the equations of the line. Thus let PPER 
and PPS8\>Q the projecting planes of any straight line PP 
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on the oo-ordinate planes xz and yz, respectiyelj ; and let the 
equations of these projecting planes be 

(x = nui+p, (1) 

ly = ««+j; (2) 

then are (1) and (2) the equations of the line PF*. 

CoE. Let BB and SS be the projections of the line PP 
on the planes xz and yz, respectiyelj. Since the line Ii£ lies 
in the plane PPRE, equation (1) expresses the relation be- 
tween the co-ordinates x, 2, of every point in RE\ hence (1) 
is the equation of RE referred to the axes ZZ^ and OX. For 
like reason (2) is the equation of the projection /Sfl" referred 
to the axes ZZ^ and Y, 

Hence m = tan ZAE = slope RE ; 

p = OR = intercept of ^^on OX; 
n = tan ZBH^ slope SH; 
q:=08= intercept of SHon OY. 

Rem. The locus of (1) in space is the plane PPER, while 
its locus in the plane xz \& the line RE. Similarly, the locus 
of (2) in space is the plane PPH8, while its plane locus is 
8H, The locus in space of (1) and (2), considered as simulta- 
neous, is the line PP, 

OoR. 1. Eliminating z between (1) and (2), we obtain 






whose locus in space is the projecting plane of PP on the 
plane xy^ and whose locus in the plane ocy is the projection of 
PP on that plane. 
Cor. 2. Making 2 = in equations (1) and (2), we obtain 

hence the line PP pierces the plane xy in the point (^, y, 0). 
This is evident also from the figure. 
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In like manner, we find that the line pierces the planes xz 
and yz respectively in the points 

f np-mq _^ q\ /^^ mq-np _p\ 

227. To find the symvnetrical equations of a right line. 

Let a, p, y be the direction angles of any right line, (a^i, yi, Zi) 
some fixed point in it, and (x, y, z) any other point of the line. 
Let r denote the distance between these two points. Then 
by § 218, Cor. 2, we have 

a? — a^i = r cos a, y — yi = rcos)8, z — Zi = rcosy. (1) 

Whence ^=^ = 1^=^=^^^, [63] 

cos a cosp cos-y L" -I 

which are the symmetrical equations of a right line passing 
through the point (xi, yi, Zi). 

Cor. If [63] passes through a second point (a;,, ya, ^), its 
co-ordinates must satisfy [63] ; hence, we have 

^2— 371 _ ya— yi ^ gj — Zi ^2) 

cos a C08)8 cosy 

Dividing each member of [63] by the corresponding member 
of (2), we obtain 

^=i^=i^=i^ = ^:^i, [641 

a?»— a?! Vi — Vi z^ — z^ L"*J 

which are the equations of a right line- through the two points 
(^1, yi, 2i) and (a;,, y,, «,). 

228. If we divide the denominators in any equations of the 
form 

x — x^ ^ y — y^ ^ z — z^ ,,. 

L M N ^ ^ 

by Vi' + M^ + ^, the denominators will then be the direc- 
tion cosines of some line (§ 213, Cor.), and the equations will 
be in the form of [63]. 
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Hence, to reduce equations in the form of (1) to the sym- 
metrical form, divide each denominator hy the square root of 
the sum of their squares, 

CoR. The locus of equations (1) is the line through (xi, yi, Zi) 
parallel to the radius vector of the point (L, M, N), 

229, To find the angle between the lines 

L M N ' 

and ^'-^^ = y- y* =mb, 

""' n M' N' 

By § 228 the direction cosines of these lines are respectively 
L M N 

VlF+W+lP V'L' + IP + IP Vi' + JT + iV^' 

L' W IP 

Vl/^+W^^ y/L'^+M^^+N^ ^/L^+Hf^+N^' 
Substituting these values in [57], we obtain 

eose= ^ I^U + M M ^ + KN' . 

CoR. 1. If th« lines are parallel, -7",=-jj7i=-^i ^^^d con- 
versely. 

CoR. 2. If the lines are perpendicular, 

LL' + MW + NN'^O, 

and conversely. 

230. To find the inclination of the line 

L M N ^^ 

to the plane Ax + By+Cz = 2>. (2) 
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The equation of the perpendicular from (xi, j/i, ti) to the 

plane ifl x-x, _ y-y, _ z-z^ ,on 

—A B- C" ^^^ 

Now, the inclination of line (1) to plane (2) is evidently the 
complement of the angle between the lines (1) and (3). 
Denote this inclination by v ; then sin v = cos $, $ being the 
angle between the lines (1) and (3). Hence 

,ln.,= AL + BM+ CX 

VJ^+W+C^ VL^ + M^ + N^ ^ ^ 

Cor. 1. If the Une is parallel to the plane, sin t; = 0, and 
therefore AL + BM+ CN= 0, and conversely. 

Cor. 2. If the line is perpendicular to the plane, sin v = 1, 
and therefore —■=—»-—, and conversely. 

Cor. 3. If line (1) lies in plane (2) ; then 
AL+BM+CN=0, 
and Axi + Byi +Ozi = A 

and conversely. 

Ex.45. 

1. Determine the position, direction cosines, and direction 
angles of the intersection of the planes a; + y — z+l = 0, and 
4a; + y— 22 + 2 = 0. 

Eliminating successively y and z between the equations, we 

obtain 3a;-2 + l = and 2a;-y=0; or f =^=5^. 

From the last form we know that the line passes through the 
point (0, 0, 1), and is parallel to the radius vector of the point 
(1, 2, 3). The direction cosines are found by dividing the 
denominators 1, 2, 3, by Vli ; and the direction angles are 
found from their cosines. 
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2. Determiiie the position and direction cosines of the inter- 
section of x—2y= 5, and 3x+y—7z=0. . 

Here ^'~ =^= ^^ * , whence the line passes through the 

point (5, 0, ^), and is parallel to the radins vector of (2, 1, 1). 

3. Determine the position of the line 

5x-4y=l. 3y — 5z = 2. 

4. What is the position of the line a: = 3, y = 4 ? Of the 
liney = 4,z = — 5? Of the line a: = -2, z = 3? 

5. Find the equations of the right line passing through the 
points (1. 2, 3), (3, 4, 1). 

6. Find the points in which the line of Example 5 pierces 
the co-ordinate planes. 

7. Two of the projecting planes of a line are ar + y = 4, 
and 2x — hz = — 2\ find the third. 

8. A line passes through (2, 1, -- 1) and (—3,-1, 1) ; find 
the equations of its projections on the co-ordinate planes. 

9. Show that the lines ^=^=^, and -=-^ = ^ are at 
.,.1 121 1-11 

right angles. 

10. Show that the line 4a: = 3y = --zi8 perpendicular to 
the line 3a7 = — y = — 4z. 

11. Find the angle between the lines 

110 3-45 

12. Find the angle between the right lines 

y = 6a; + 3, 2j = 3a;-f 5, 

and y = 2a?, z = ar+l. 

13. Find the angle between the lines 

y = 2a: + 2, z = 2x+l, 
and y = 4a;-f 1, z= x + b. 
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14. Show that the lines 

and 8a7--4y--42 = 0, 7a; + 10y-82; = 0, 

are at right angles. 

15. Find the equations of the line through (— 2, 3, — 1) 
parallel to the line y = — 2a;+l»2; = 3a; — 4. 

16. Find the equations of the right line through (3, —7, — 6), 
its direction cosines being proportional to — 3, 5, — 6. 

17. Find the equations of the line through (2, —4,-6) per- 
pendicular to the plane 3a: — 6y + 22; = 4. 

18. Find the inclination of the line 

a:— 4 _ y + 2 _ 2 — 5 
3 -2 ~ -4 
to the plane 2a; — 4y + 32=1. 

19. Reduce the equations x = mz+p, y = nz + q, to the 
^mmetrical form, and thus find the direction cosines in terms 
of m and n. 

20. Show that the formula for the angle included between 

the lines ^ _ ^« i ^ «, — ^« i ^ 

x = inz -tPi y = nz +g', 

and X = m^x +p\y = n^z + q', 

^ mm^ + nn' + 1 

is cos^^ 



Vw» + w» + l Vm'^ + w^+l 



21. Prove that the lines in Example 20 are perpendicular 
if mm' + nn* + 1 = 0, and conversely. Prove that they are 
parallel if m = m' and n = n', and conversely. 

22. Prove that two lines are parallel if their projections are 
parallel, and conversely. 
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SUPPLEMENTARY PROPOSITIONS. 

23L The Traces of a plane are its lines of intersection with 
the co-ordinate planes. Thus AB, BC, CA (Fig. 98), are 
the traces of the plane ABC, 



To find the eqications of the traces of the plane 

Ax + By+Cz = D. (1) 

For every point in the plane ary, z = ; hence, putting z = 
in (1), we obtain 

Ax + By = I>, (2) 

which is the equation of the trace AB (Fig. 98) on the plane 
xy. For like reason 

By+Cz = D, (3) 

and Ax+Cz = D, (4) 

are the equations of the traces BC and CA on the planes 
yz and xz respectively. 

Cor. The perpendicular from the origin to (1) is 

-?. = ^ = 1 
ABC' 

and its projections on the co-ordinate planes are 

Bx=Ay, Cy = Bz, Cx = Az. (6) 

By comparing coefficients, we see that lines (6) are perpen- 
dicular to (2), (3), and (4), respectively. Hence, 

If a line in space is perpendicular to a plane, its projections 
are perpendicular to the traces of the plane. 

233. To find the condition that the right lines 

x = mz +Pj y = nz -f g', 
and x = m^z+p\ y = n^z + q', 

may iniersect^ and to find their points of intersection. 
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Equating the two values of x and of y, we have 

If the two lines intersect, these two values of z must be equal ; 

hence P'-P 9^-9 

m — m' n — n' 

is the equation of condition that the two given lines in space 
intersect. 

When this condition is fulfilled, the values of x and y may 
be found by substituting either value of z in the equations of 
either line. 

234. To pass a plane through the point (a;,, y,, z^) and the 
right line 

L M N' ^ ^ 

If the plane Ax -\- By -\- Cz = D (1) 
pass through the point (a;,, y„ z,), we have 

Ax^^By^+Gz, =i); (2) 
and if line (a) lies in plane (1), we have 

Ax^^By^+Oz^ =i), (3) 

and AL + ^ Jf + CN^ 0. (4) 

The equation of the required plane is found by eliminating 
A, B, C D between (1), (2), (3), and (4). ^ 

To simplify the process of elimination, (1) might be written 
in the form A^x + B^y + Cz = 1, but the solution would be 
less general, as it would not embrace the case when Z> = 0. 

235. From the forms a: = wz +/>, y = wz + j, show 

That the equations of a line passing through (a^i, y,, «,) are 

{ar — a?! = m (z — Zi). 
y—yi= w(z-zi). 



CHAPTER IV. 
SURFACES OF REVOLUTION. 

236. It has been shown that a single equation of the first 
degree between three variables represents a plane surface, and 
that two such equations in general represent a right line. It 
is evident, moreover, that in general three such equations 
determine a point common to their loci. Thus, if in Fig. 92, 
OM^=a, OIt = by and 08= c\ then the equations x = a, 
y = b,z = c determine the point P, and are called its equa- 
tions. We proceed to show that 

In general, any single equation of the form f (a?, y, z) = 0, 
represents a surface of some hind; two such equaMons represent 
a curve, and three determine one or more points, 

(i.) Let two of the variables be absent; for example, let 
the equation be/(a7) = 0. Now/(ar) = may be written in 
the form 

(x — aO {x -a^{x — a,) {x — a„) = (1) 

in which ai, a,, a,. «« are the n roots oif(x) = 0. The locus 

of (1) is evidently the n parallel planes a: = ai, a: = a„ , 

a? = a». Similarly the equations /(y) = 0,/(2;) = represent 
planes perpendicular to the axes of y and z respectively. 

(ii.) Let one of the variables be absent; for example, let 
the equation be /(a;, y) = 0. The locus of /(a:, y) = in the 
plane xy is some plane curve. Through P, any point in this 
curve, conceive a line parallel to the axis of z ; then the co- 
ordinates X, y of all points in this line will equal those of P, 
and hence satisfy the equation /(a;, y) = 0. Hence the locus 
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in space of/ (a:, y) = is the surface generated by a right line 
which is always parallel to the axis of 2, and which moves 
along the plane locus of/ (a;, y) = 0. 

That is, the locus in space of f{x^ y) = is a cylindrical 
surface whose elements are parallel to the axis of z, and whose 
directrix is the plane locus of fix, y) = 0. 

Similarly the equations /(a;, z) = and/(y, z) = represent 
cylindrical surfaces whose elements are parallel to the axes of 
y and x respectively. 

(iii.) Let the equation be /(a:, y, z) = 0. If in this equa- 
tion we put x = a and y = b, the roots of the resulting equa- 
tion in z will give the points in the locus that lie on the line 
through (a, b, 0) parallel to the axis of z. But as the number 
of these roots is finite, the number of points of the locus on 
this line is finite. Hence, the locus which embraces all such 
points for different values of a and b must be a surface and 
not a solid. 

(iv.) Two equations considered as simultaneous are satisfied 
by the co-ordinates of all the points of intersection of their 
loci ; that is, they represent the curve of intersection of two 
surfaces. 

(v.) Three independent simultaneous equations are satisfied 
only by the co-ordinates of the points in which the curve 
represented by two of them cuts the surface represented by 
the third ; hence they determine these points. 

Cob. 1. From (ii.) it follows that a;* + y' = r* is the equation 
of a cylinder whose axis is the axis of z, and whose radius is 
r. Also 

are equations of cylindrical surfaces whose elements are 
parallel to the axis of z, and whose directrices are respectively 
the parabola, the ellipse, and the hyperbola. 
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Cob. 2. If F(Xfi/) = is the equation obtained by elimi- 
nating z between the two equations/ (x, y, z) = 0, and/i (a?, y, 
z) = ; then the locus in space of F{x,t/) = Oia the project- 
ing cylinder on the plane xy of the curve represented by the 
two equations. The plane locus of -P (a:, y) = is the pro- 
jection of this curve on the plane xy. If the curve is parallel 
to the plane of projection, the curve and its projection are 
equal. 

The equation obtained by eliminating x or y between the 
two equations has evidently a like interpretation. 

237. The Traces of a Surface are its intersections with the 
co-ordinate planes. 

If /(a;, y, 0) = denote the equation obtained by making 
2 = in/(ar, y, 2) = ; then the plane locus of /(a;, y, 0) = is 
evidently the trace of the surface f{x, y,z) = on the plane xy. 

SuBPACES OP Revolution. 

238. A Surface of Eevolntion is a surface that may be gener- 
ated by a curve revolving about a fixed straight line as an axis. 
The revolving curve is called the Generatrix ; and the fixed right 
line, the Axis of Bevolntion, or simply the Axis. A section of 
the surface made by a plane passing through the axis is called 
a Meridian Section. From these definitions, it follows that 

(i.) Every section made by a plane perpendicular to the 
axis is a circle, whose centre is in the axis. 

(ii.) Any meridian section is equal to the generatrix. 

239. To find the general equation of a surface of revolution. 
Let the axis of z be the axis of revolution, and let P be any 

point in the meridian section made by the plane xz. Lfet PHM 
be a section through P perpendicular to the axis of z, and 
denote the radius CiT", or CP, of this circular section by r. 
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• Now for all points in this circular section, we have a;'+y*=r*, 
and 2 = MP, The value of r*, in terms of 2, is obtained by 
substituting r for x in the equation of the meridian section 
made by the plane zx. Denoting this value of r" hy f(z)^ and 
equating the two values of r*, we have 

[67] 




Fig. 100. 



which expresses the relation between the co-ordinates x^ y, z 
of all points in the section PHR, But as P is any point in 
the meridian section JVP, [67] is the general equation of a 
surface of revolution whose axis is the axis of z. 



240. Faraboloid of Bevolution. A Paraboloid of Reoolutum is 
a surface that may be generated by a parabola revolving 
about its axis. 

In this case the equation of the meridian section in the 
plane zx\a a;» =r 4^2 ; 

hence r" = ^pz =f(z). 
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Substitating in [67], we obtain 

aJ2 + i/« = 4i», [68] 

which is the equation of the paraboloid of revolviion. 
If in [68] we put a: = m, we obtain 

y" = ^pz — m*, (1) 

which is the equation of the projection, on the plane yz, of 
the section of the paraboloid made by a plane parallel to 
the plane yz, and at a distance from it equal to m. Now 
the plane locus of (1), for all values of m, is a parabola ; hence 
every plane section of the paraboloid parallel to the plane yz 
is a parabola. If in [68] we put y = n, we obtain 

a? = ^pz — n^, -(2) 

From (2) we learn that all plane sections parallel to the 
plane xz are also parabolas. From definition, we know that 
all plane sections parallel to the plane xy are circles. 

241. EllipBoid of Bevolntion. An Ellipsoid of BevolutUm^ or 
Spheroid, is a surface that may be generated by an ellipse 
revolving about one of its axes. It is called Oblate when the 
revolution is about the minor axis ; and Prolate when about 
the major axis. 

(i.) When the revolution is about the minor axis, the equa- 
tion of the meridian section in the plane xz is 

^, + |; = l; hence r' = a'(l-^=/(2). 
Sabstituting in [67], and reducing, we obtain 

which is the equation of the oblcUe spheroid. 
Cor. 1. If o = 5, [69] becomes 

a* + y' + z' = a\ (1) 

which is the equation of a sphere whose radius is a. 
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Cob. 2. If in [69] we put a: = ?w, we obtain 

Since (2) represents an ellipse, a point, or no locus in the 
plane yz, according as m'<, =, or >a', we know that the 
surface lies between the two tangent planes x = a and x= — a, 
and that all plane sections parallel to the plane yz are ellipses. 

If in [69] we put y^=n, we obtain 

Since (3) represents an ellipse, a point, or no locus in the 
plane zx, according as n*<, =, or >a', the surface lies 
between the two tangent planes y = a and y=^ — a, and all 
plane sections parallel to the plane zx are ellipses. 

If in [69] we put 2 = g', we obtain 



^ + 3^ = 



-.•(l-g). . (4) 

Equation (4) represents a circle, a point, or no locus in the 
plane xy, according as g'* < , =, > h^. Hence the surface lies 
between the tangent planes z = b and z = — h, and all plane 
sections parallel to the plane xy are circles. 

(ii.) When the revolution is about the major axis, the equa- 
tion of the meridian section in the plane xz is 

|+g=l; hence .' = i«(l-|)=/(.). 

Substituting in [67], we obtain 

S + S + | = ^» [70] 

which is the eqiccUion of the prolate spheroid. 

If in [69] we substitute a for b and b for a, we obtain [70]. 
Hence the discussion of [69] will apply to [70], if in that dis- 
cussion b be substituted for a and a for b. 
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242. HTperbokid of BerolutioiL A Hyperholoid of Hevolu- 
Hon is a surface that may be generated by a hyperbola revolv- 
ing about one of its axes. It consists of one or two nappes, or 
sheets, according as the hyperbola revolves about its conjugate 
or transverse axis. 

(L) If in [69] we substitute — &' for &', we obtain 

which is the eqiLotion of the hyperholoid of one nappe. 
If in [71] we put a: = m, we have 

1.^=1^^, (1) 

or 0^ oir 

whose plane locus is a hyperbola for all values of m. Hence 
all plane sections parallel to the plane yz are hyperbolas. The 
transverse axis of any one of these hyperbolas is evidently 
parallel to the axis of y or z, according as m* < or > a*. For 
fn? = a' (1) becomes 
a 

Hence the sections of [71] made by the planes x = ± a are 
each two intersecting right lines. 
If in [71] we put y = n, we have 

Hence all plane sections of [71] parallel to the plane xz are 
hyperbolas, whose transverse axes are parallel to the axis of 
X or z, according as w* < or > a' ; and the sections made by 
the planes y = =b a are each two intersecting right lines. 

If in [71] we put z = g', we obtain 

a; or Ir 
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whose plane locus is a circle for all values of q. This circle is 
smallest when q = 0. This smallest circle, which is the trace 
of the hyperboloid on the plane xy, is called the Oircle of the 
Gorge. 

(ii.) If in [70] we substitute —6* for 5^ we obtain 

p + p — ^ = — 1> [72] 

which is the eqiuition of the hyperboloid of two nappes. 

The discussion of [72] for parallel plane sections is left as 
an exercise for the student. 

248. The Centre of a surface is a point that bisects all chords 
passing through it. 

Central Surfaces are such as have a centre. 

The ellipsoids and hyperboloids of revolution are central sur- 
faces. For, from their equations, it is evident that, if (x\ y\ J) 
be a point in any one of these surfaces, (— x\ — y\— z') is also a 
point in the same surface. But the chord joining these two 
points is bisected by the origin, which is, therefore, the centre 
of the surface. 

244. Cone of Eevolution. A Cone of Sevolution is a surface 
that may be generated by a right line revolving about an axis 
which it intersects. 

Here the equation of the meridian section in plane xz is 
z —mx-{-c\ 

therefore r* = f J =f(z). 

Whence m^x^ + y^) =(z- c)^ [73] 

is the equation of the cone of revolution. 
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Id this equation c is the distance of the vertex from the 
origin and m = tan XDB. 




Fiff. 101. 



If c = 0, [73] becomes 



From (1) it is evident that the cone is a central surface. 
If in (1) we put y = n, we obtain 



(1) 



whose plane locus is a hyperbola for all values of n. Hence 
all plane sections of the cone parallel to the plane zx are 
hyperbolas whose transverse axes are parallel to the axis of 
the cone. In like manner, we find that all plane sections 
parallel to the plane yz are hyperbolas. For y = 0, 
« = ± mx^ whose locus is two intersecting right lines. Hence, 
any plane section of a cone parallel to its axis is a hyperbola, 
and any section containing the axis is two intersecting right 
lines, 
A Oonio Section is the section of a cone made by a plane. 

245. To determine the nature of any conic section that is 
not parallel to the axis of the cone, we find the equation of 
any such section referred to axes in its own plane. 
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Let HPN be any section of the cone VD Y^N passing 
through the axis of y ; then this section will be perpendicular 
to the plane xz. The cone, and therefore the section, is sym- 
metrical with respect to the plane xz, Eefer this section to ON 




and OFas the axes of x and y respectively. Let (x, y, z) be the 
point P referred to the co-ordinate planes, and (a:', y') be P 
referred to ON and OY. Let XON-=^ and ODV^O, 
Draw PM perpendicular to 0N\ then it will be perpen- 
dicular to plane xz^ and we have 

y = y, OB — OM COS 0, or a; = ar' cos 4> ; 

BM— 0-af sin ^, or 2 = x^ sin 0. 
Substituting these values of x, y, z in [73], we obtain 

tan' B {x^ cos' + y'') = {?f sin <^ - cj. 
Omitting accents and performing indicated operations, we 
have 

y» tan' (? + a;' (cos' «^ tan* (? - sin' 0) + 2ciF sin «^ — c* = 0. 

Substituting cos' ^ tan' <^ for sin' <^, we obtain 
y2taii2e-h»2cas2+(taii2e — taii«+)+2cajsiii+— c2=0,[74] 
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which is the equation of the conic iVP^ referred to OJVand 
OF as axes. 

By giving to c all values between and oo, and to <^ all 
values between 0** and 90®, equation [74] is made to represent 
any section of a cone except those parallel to its axis, which 
have already been considered. 

Discussion of equation [74]. 

•Here S = 4 cos' «^ tan' (tan» — tan' 0), 

A = 40* [cos' tan' (tan' - tan' 4^) + tan' B sin' 0]. 

(i.) First suppose c not equal to zero. 

Let < ^ ; then tan' ^ < tan' 0, S is positive, and A is not 
zero ; hence the section is an ellipse. 

Let 4^ = 0\ then tan' = tan' tf , S = 0, and A is not zero ; 
hence the section is a parabola. 

Let ^ > ^ ; then tan' ^ > tan' 0, S is negative, and A is 
not zero ; hence the section is a hyperbola. 

Hence, when the cutting plane does not pass through the 
vertex of the cone, the section is an ellipse^ a parabola, or a 
hyperbola^ according as the angle which the ciUting plane 
makes with the base of the cone is less than, equal to, or greater 
than that made by an element, 

(ii.) If c = 0, A = ; hence, when the cutting plane passes 
through the vertex, the elliptical section reduces to a point, 
the parabolic to a straight line, and the hyperbolic to two 
intersecting right lines. 

If ^ = 0, the cutting plane is perpendicular to the axis of 
the cone, and equation [74] becomes 

y> + a;» = c»cot'^, 
whose locus is a circle. 

If c = 00, the cone becomes a cylinder, and the section made 
by a plane parallel to an element is two parallel lines or a 
single right line. 
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Ex. 46. 

1. What IS the locus in space of a:* + Sa^ — 6a? — 8 = 0? 
of y* — 2y'-5y + 6 = 0? of z» + m2 = 0? 

2. What is the locus in space of y*=8a:? of 4a;»+9y»=36? 
of 9z'-16y»=144? of 2' + a;» = r»? of (2a-z)(y'--6") = 0? 

3. Find the equations of the projecting cylinders of the 
curve a;* + 3^* - 22* = 8, a;* + 2^* + 30' = 16. 

4. Find the equations of the projections of the curves 

5. Find the semi-axes and eccentricity of the ellipse 

4a;* + 9y'» + 4z* = 87, 2 = f 

6. Find the nature of the curves 

a:» + y'+4z' = 25, 7 (a:» + y»)~4z* = 79. 

7. Find the traces of the surface 2x^ + 6i/* —7z* = 9; of 
the surface a:* + 3y* = 8z. 

8. Find the equation of the surface of revolution whose 
axis is the axis of 2, and one of whose traces is2 = ±3a;+6; 
find its trace on the plane xt/. 

9. Find the equation of a cone of revolution one of whose 
traces is a;* + y* = 9, and whose vertex is (0, 0, 5). 

10. Find the equation of the paraboloid of revolution one 
of whose traces is 23:* = 3^ + 5. 

11. Find the equation of the paraboloid of revolution one 
of whose traces is ^ = 8a:. 

12. Find the equation of the cone of revolution whose axis 
is the axis of z, and one of whose traces is 2y = it 2 + 6 ; find 
its vertex. 
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13. Find the equation of the surface of revolution whose 
axis is the axis of 2, and one of whose traces is 9 a:" + 42* = 36. 

14. Find the equation of the surface of revolution whose 
axis is the axis of 2, and one of whose traces is 16y* + 92* = 144. 

15. Find the equation of the surface of revolution whose 
axis is the axis of 2, and one of whose traces is 92*— 4y"=— 36. 

16. Find the equation of the surface of revolution whose 
axis is the axis of 2, and one of whose traces is 2*0; = 1 ; also 
when one trace is 2* = 2y*. 

17. Each element of a cone makes an angle of 45^ with its 
axis ; find the semi-axes of the section made by a plane cutting 
the axis 5 below the vertex and at an angle of 60^. 

SUPPLEMENTAEY PEOPOSITIONS. 

246. To find the general equaMon of the sphere. 

Let r denote the radius of any sphere, (*a, b, c) its centre, 
and (Xj y, 2) any point on its surface. Then, since r is the 
distance between the points (a, i, c) and {x, y, z), we have 

or a? + y' + z^ — 2ax-2hy — 2cz = r' — d?-'h' — c', (1) 
which is the general rectangular eqvaiion of the sphere. 

If the origin be at the centre, then a = ^ = c = 0, and [75] 
becomes ^ _|_ y« ^ g* = r". (2) 

From (1) it follows that any equation of the form 

a? + f + z^+Gx + Hy + Iz = K (3) 

is the equation of a sphere. 

Any equation of the form of (3) can readily be reduced to 
the form of [75], from which the centre and radius of its locua 
become known. 
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Since (3) or [75] contains four arbitrary constants, a sphere 
may in general be made to pass through any four given points. 

247. The intersection of two spheres is a circle. 
Let the equations of the two spheres be 

a^ + y' + z' + Gx + Hy + Iz^K, (1) 

and s^ + y' + T^+ffx + E^y + rz^K^. (2) 

Subtracting (2) from (1), we obtain 

{G-&)x + {H-H')y+{I-r)z = K~K\ (3) 

Hence the intersection of the spheres (1) and (2) lies in the 
plane (3), and is the same as the intersection of (1) and (3). 
But the plane section of a sphere is a circle. Hence the inter- 
section of the two spheres is a circle. 

248. To find the eqimtion of the tangent plane to a sphere at 
a given point. 

Let the given point be (a?!, y^ z^ ; then the equation of the 
radius to this point, that is, of the line passing through (a, 6, c) 
and (a?!, y^ izi), is 

x-x^ ^ y-yi ^ z — Zi ,j. 

a — Xib — yiC — Zi 

Now the tangent plane is perpendicular to (1) at the point 
{pci, yi, ^i) ; but the equation of the plane through {xi^ yx, Zi) 
perpendicular to (1) is 

(a-xO ix-x,)+(b-y,) (y-yi) + (c-zi) (z^Zx)=0, (2) 

which is, therefore, the equation of the tangent plane. 

If the origin is at the centre, a = J = c = 0, and (2) becomes 

xxi + yyi + zzi = r^. 
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Transformation op Co-ordinates. 

249. To change the origin of co-ordinates vrithotu changing 
the direction of the axes. 

Let (m, n, q) be the new origin referred to the old axes. 
Let X, y, z be the old, and a:', y*, zf the new co-ordinates of any 
point P; then, evidently, we have 

a? = m + a?', y = n + y', 2 = g' + 2'. 

Hence, to find the equation of a locus referred to new 
parallel axes whose origin is (m, n, q), substitute m + x^n + y, 
and q + z^for ar, y, and z, respectively. 

250. To change the direction of the axes vrithoiU changing 
the origin. 

Let tti, A, yi ; o,, ft, y,; a,, ft, y, be, respectively, the direc- 
tion angles of the new axes OX', Y\ 0Z\ referred to the 




Fig. 103. 



old axes OX, F, OZ, Let x, y, z be the old, and x\ y\ tf 
the new co-ordinates of any point P, Draw PiV perpendicu- 
lar to the plane X'O F', and iVJIf perpendicular to OX'; then 
OM=x\ MN=y\ and NF=z', Now the projection of 
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OP on OX (= x) is equal to the sum of the projections of 
OMf MN, and NP on the same line ; hence 

x — x^ cosai + jf cos a, + z' cosog. (1) 

In like manner, we obtain 

y — af cos^i + y cos^j + J cos^,, (2) 

and 2 = a;' cos yi + y' cos y, + z' cos ys. (3) 

Hence, to change the direction of the axes without changing 
the origin, siAstitiUe for x, y, and z, their valines as given in 
equaiicma (1), (2), and (3). 

Since the values of x, y, z are each of the first degree in 
^» y'> 2', any transformation of co-ordinates cannot change the 
degree of an equation. (§ 91.) 

261. Quadrics. The locus of an equation of the second degree 
between three variables is called a Qnadrio. Thus the general 
equation of a quadric is 

Ax'+Bf+Gz^+Dxy+Exz+Fyz+Ox-\:By 
+ Iz+K=0. (1) 

Putting z = g' in (1), we obtain 

Ax'+Dxy+Bf + ^Eq+CTix + iFq + B^y 
+ {Cq' + Iq+K) = 0. (2) 

Since the locus of (2) in the plane xyv&^ conic, and since 
the coefficients A, D, B are the same for all values of q^ all 
plane sections of the quadric (1), parallel to the plane ory, are 
similar conies. Now the axis of co-ordinates may be so changed 
that the new plane ocy will be one of any system of parallel 
planes cutting the quadric. But, as this transformation does 
not change the degree of the equation, it follows that 

AU parallel plane sections of any quadric are similar conies. 
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262. By transformations of co-ordinates the general equation 
(1) of § 251 may be reduced to one of the two following sim- 
ple forms : * 

P^^+Qy' + B^^a, (1) 

Pa^+Qy'^Uz. (2) 

Now whatever be the values or signs of P, Q, R, 8, equa- 
tion (1) evidently represents central quadrics. But the loci 
of (2) have no centre ; for if they had, and the origin were 
changed to that centre, the first power of z would disappear 
from the equation. But no expression of the form q-\-z, when 
substituted for Zy can cause z to disappear. 

Hence (2) represents non-central quadrics. 

263. Central Quadrics. If neither P, Q, -B, nor 8 be zero 
in (1) of § 262, we have 

8^P^ 8-^Q^ 8^R • 
which can be written in the form 

* By changing the direction of the axes the general equation can in 
all cases be reduced to the form, 

FiJ?-^Qy^-^Bs^-^G'x-\-E^y-\-rz-K=^Q. (1) 

This transformation is analogous to that in § 189. 

(i.) If no one of the three coefficients P, Q, B be zero, by a change 
of origin, as in § 188, we obtain 

i^« + Qy« + Bi? = ;8f. (2) 

(ii.) If any one of these coefficients be zero, for example R^ by a 
change of origin, we obtain 

P3? + Qy« = Uz. (3) 

If two of these coefficients are zero, (1) can be reduced to a form 
embraced in (3) by first changing the origin and then the direction of 
the axes. 
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$4-$ = ^. (B) 

^^ ^-^^t = i (G) 

a* b' c" ' ^^ 

according as S-^ P, S-i- Q, S-i- B are all positive, two positive 
and one negative, or one positive and two negative. [If all 
three are negative there is no real locus.] 
If 8 be zero, we have 

Pa^+Qy^ + Rz' = 0. (D) 

If either P, Q, or P be zero in (1), its locus is a cylindrical 
surface by (ii.) of § 236. 

254. A discussion of (A) discovers the following properties 
of its locus. 

(i.) Its traces on each of the co-ordinate planes are ellipses, 
(ii.) All plane sections parallel to either co-ordinate plane 
are similar ellipses. 

(iii.) The quadric is included between the tangent planes 

The quadric (A) is called an Ellipsoid. If a = J, the ellip- 
soid is the oblate or prolate spheroid, according as a > or < c. 

The ellipsoid may evidently be generated by a variable 
ellipse moving parallel to the plane xy with its centre in the 
axis of 2, its axes being chords of the traces of the quadric on 
the planes yz and zx, 

255. A discussion of (B) discovers the following properties : 
(i.) Its trace on the plane xy is an ellipse, while its traces 

on the planes yz and zx are hyperbolas, whose transverse axes 
lie on the axes of y and x respectively. 

(ii.) All plane sections parallel to the plane oiyy are ellipses, 
while all plane sections parallel to the plane yz and zx are 
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hyperbolas. The smallest elliptical section is the trace on the 
plane xy. The semi-axes of this ellipse are a and h. 

The locus of (B) is called the Ejperboloid of One Nappe. 

If a = 6, the locus of (B) is a hyperboloid of revolution. 

The hyperboloid can evidently be traced by a variable 
ellipse parallel to the plane xy, whose centre moves along the 
axis of z, and whose axes are the chords of the traces of the 
quadric on the planes yz and zx. 

266. From a discussion of (C), we learn that 

(i.) Its traces on the planes yx and 2X are hyperbolas whose 
transverse axes are on the axis of x. 

(ii.) The plane sections parallel to the plane zy are ellipses, 
and no portion of the quadric lies between the tangent planes 
x= ±.a. 

(iii.) The plane sections parallel to the planes yx and zx 
are hyperbolas whose transverse axes are parallel to the axis 
oix. 

The locus of (0) is called the Hyperboloid of Two Nappes. 

257. If the coefficients of (D) are all positive or all nega- 
tive, its locus is the point (0, 0, 0). If two coefficients are 
negative and one positive, by dividing by — 1, two become 
positive and one negative. Hence we need discuss only the 
form represented by 

from which we learn that 

(i.) All plane sections parallel to the planes yz and zx are 
hyperbolas whose transverse axes are parallel to the axis of z. 

(ii.) All plane sections parallel to the plane xy are ellipses, 
the trace on this plane being a point. 

(iii.) The traces on the planes yz and zx are each two right 
lines intersecting at the origin. 
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(iv.) All plane sections through the axis of z are two right 
lines intersecting at the origin. 

For denote any plane through the axis of z by 

y = mx, (1) 

Eliminating y between (1) and (Z)'), we obtain 



z=d=^V6' + aW. (2) 

ab 

Now the intersections of (1) and (D') are the same as those 
of (1) and .(2), which are evidently two right lines passing 
through the origin. 

Hence the locus of (D') is a cone whose axis is the axis of 
z, and whose directrix is an ellipse. If a = &, it becomes a 
cone of revolution. 

258. JTon-Oentral Qnadrics. If neither P, Q, nor ?7be zero in 
(2) of § 262, we have 

which can be written in the fonn 

f+f=. (E) 

according as Pand Qhave like or unlike signs. 

A discussion of ( E) discovers the following properties : 
(i.) Plane sections parallel to the plane xy are ellipses, and 

the surface lies above the tangent plane z = 0. 
(ii.) All plane sections parallel to the plane yz or zx are 

parabolas, and the traces on these planes are parabolas, having 

the axis of z as their common axis and their concavities upward. 
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By a discussion of (F) we learn that 

(i.) The traces on the planes yz and zx are parabolas whose 
axes lie on the axis of z, and whose concavities are in opposite 
directions. 

(ii.) Plane sections parallel to the planes yz and zx are 
parabolas whose concavities are in opposite directions. 

(iii.) Plane sections parallel to the plane xy are hyperbolas 
whose transverse axes are parallel to the axis of x, or y, accord- 
ing as z is positive or negative. The trace on this plane is 
two intersecting right lines. 



Diagrams. 



Note. These figures are taken, by permission, from W. B. Smith's 
Geometry. 




Elliptic Paraboloid. 

FA =« 2a and GB = 26 are 
half-parameters. 




Simple Hyperboloid. 

AB is Ellipse of the Gorge. 
EOD is the Asymptotic Cone. 
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Hypeebolio Paraboloid. 
OCand OD are Parabolas. 

OA and OB are Asymptotic directions for the Hyperbolas. 
Z 







' Ellipsoid. 
0-4 = a, OB^h, OC'^c 



Double Hyperboloid. 
HOD is the Asymptotic Cone. 
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Ex. 3. Page 7. 

1. Let afj - - 2, yi - 5, a^ = - 8, y, = - 3. Sabstitating in [1], we 
have 

d= V(-6)» + (-8)* = VIOO- 10. 

In Fig. 3 the points P and Q are plotted to represent this case. If 
•we choose to solve the question without the aid of [1], we may neglect 
algebraic signs, and we have 

QR^NO --MO^ 8- 2-6; 
PB-P2f + JfR=- 5+'3- 8; 
/. PC* - QiP + Pi? = 36 + 64 = 100, and PQ = 10. 

2. 13. 8. 5, 5, 6. 

8. 5. 9. a, 6, Va« + 6«. 

4. 10.. 10. V29, 5, 2VIO, 4VS ; 

6. 2V5NrP. 2VIO, 3 Vl3. 

6. 25, 29, 20 V2. 11. 8 or -16. 

7. 2V17, 5 V2, >/l06. 12. (x - 7)» + (y + 2)« - 121. 

18. (a:-2)« + (y-3)»-(a?-4)« + (y-5)», which reduces to «+y- 7. 

Ex. 4. Page 9. 

1. (6.6). 3. (2.-2). 6. (7,1). 

2. (-1, 0). 4. (3, -1). (i -J^L), (-i, -I). 6. (a, -6). 
7. Take the origin of co-ordinates at the intersection of the two legs, 

and the axes of x and y in the directions of the legs. Then, if a and h 
denote tlie lengths of the legs, the co-ordinates of the three vertices will 
be (0. 0), (a, 0), and (0, 5). 

10. Observe that now the distances RB and ^Q will be a; — ob^ and 
y-Vt' 12. (f,i). 14. (7},-31t). . 

XI. (6, 2). 13. (8, 0). 15. (13, - 1), (- U, 5), (1. - 11). 
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Ex. 7. Page 23. 



1. 12.16. 

2. -10,6. 

3. ±4.±4. 

4. ±}.±2. 

6. £ f , imaginaiy. 

6. ±f-4. 

7. ± ft, ± a. 

8. 3 on OX 

9. ±3 on OX 

10. Locus passes throngh origin. 

11. Locns passes throngh origin. 
I On OX, 8, and -4. ' 

' lOnOy;4±4\/3. 

13. Locus passes throngh origin. 



14. 

15. 
16. 
17. 
18. 
19. 
20. 
2L 
22. 



25. 



Locus does not cut the axes. 

(5. V). 

(2. 1). 

(3. 4) and (-4, 3). 

(3.4). 

(5, 3) and (3, 5). 

(0, 0) and (2, 4). 

(5. -3). (6, 4). (-4,-1). 

V61, 5, 2V^. 

3, 4, 5. 

(a.ft)(-a,ft),(-a,-ft)(o.-ft). 

No. 

10. 



Ex. 9. Page 31. 

1. Let X and y denote the variable co-ordinates of the moving point. 
Then it is evident that for all positions of the point y^3x. There- 
fore the required equation isy^Sx or y — 3aj — 0. Does the locus of 
this equation pass through the origin 7 

2. «-6-0. « + 6-0, «-0. 

3. y-4-0, y + 1-0, y-0. 

4. The line a; — 3 is the line ^^(Fig. 74); how is this line drawn? 
The locus of the variable point consists of the two parallels to AB, drawn 
at the distance 2 from AB. Let CD, EF, be these parallels, and (a;, y) 
denote in general the variable point, then for all points in CD x = 3 
+ 2 = 5, and for all points in EF a; - 3 — 2 - 1. Therefore the equation 
of the line CD is aj-5-0, and that of the line EF is a:-l«0. The 
product of these two equations is the equation (a? — 5) (a?— 1) — 0. This 
equation is evidently satisfied by every point in each of the lines CD 
and EF, and by no other points. Therefore the required equation 
is (a? — 5)(aj-l) — 0, or a^ — 6a: + 5 — 0. Verify that this equation is 
Bfi.tiRfied by points taken at random in the lines CD and EF, 
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5. y« - lOy + 16-0, two parallel lines. 

6. a:» + 8a;-9 = 0, two parallel lines. 7. a; + 3«0, y-2 = 0. 
8. It is proved in elementary geometry that all points equidistant 

from two given points lie in the' perpendicular erected at the middle 
point of the line joining the two given points. This perpendicular is 
the locus required, and its equation evidently is a? =■ 3. 



D 



E A 

Fig. 74. 



Y 


/ 
/ 


P 

\- 






/ 


\ 









A 


X 



f\g. 75. 



Let us now solve this problem by the analytic method. Let 
(Fig. 75) be the origin, A the point (6, 0), and let P represent any posi- 
tion of a point equidistant from and A, x and y its two co-ordinates. 
Then from the given condition 

FO^FA. 

Therefore a?» +y« = (a;-6)« + (y-0)«, 

or aj«+y» = »«-12« + 36+y»; 

whence « — 3, 

the equation of the locus required. 

9. a;-l=0. 10. y-2 = 0. 11. aj-3y-l = 0. 12. x-y=-0. 

13. »• + y' = 100, a circle with the origin for centre and 10 for radius. 

14. Express by an equation the fact that the distance from the point 
(rr, y) to the point (4, —3) is equal to 5. The equation is (a; — 4)' 
+ (y + 3)««25. 

16. (af + 4)« + (y + 7)' = 64. 16. a« + y«-81. 

17. Draw ^0 ± to 5C(Fig. 76). Take AO for the axis of a?, and 
BO for the axis of y ; then A is the point (3, 0). 

Let P represent any position of the vessel, x and y its co-ordinates 



ANALYTIO GEOMETBT. 



OM and PM, Join PA, and draw PQ ± BO, and meeting it in ^ 
Then from the given condition 

PA^PQf^OIi. 

Therefore PA^^OIP. 

Now PA* - AID + PIP = (x - 3)« + y«, and OID - aj*. Substituting, 

whence y* — 6 « — 9. 




Fig. 76. 

The locus is the cunre called the parabola. We leave the discussion 
of the equation as an exercise for ^e learner. 

18. If BQ is taken for the axis of y, and the perpendicnlar from A to 
BC as the axis of x, the required equation is y' » 12« — 36. 

19. «* — By' — 0, two straight lines. 

20. a;* + y' - ib* - o*, a circle. 

21. 4ax 7 ib* » 0, two straight lines. 

£z. 10." Page 33. 
4. d^Vx^Ty^\ 6. a;+y-7. 

6. (x-4)» + (y-6)«-64. 7. (V.J);iV2. 

8. Take two sides of the rectangle for the axes, and let a and h rep- 
resent their lengths ; then the vertices of the rectangle will be the points 
(0, 0), (a, 0), (a. 5), (0, b). 

9. Take one vertex as the origin, and one side, a, as the axis of x ; 
then (0, 0) and (a, 0) will be two vertices. Let (6, c) be a third vertex ; 
then (a + b, c) will represent the fourth. 
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10. (11. 2). (-1, 4), (15. 16). 11. (5. - 2). (I. i), (}, - V). 
12. (l.-l). 13. Vn. 14. (},}). 16. (6,23). 

^^ /2l±1s. 2^L±326.y /el±£j, .Vi+yiV p^ + «i , 3yi+yA 

21. 3 or - 23. 23. (8, 6) and (8, - 6). 

I 3 and 2 on OX 24. (2a,a) and (-2 a, a). 

16 and Ion or. 26. (a, 0) and (- a, 0). 

26. 10, 2V26, 2Vi3. 

27. Taking the fixed lines for axes, the equation is y = 6a; or a; = 6y. 

28. Taking A for origin, and AB for the axis of x, the equation is 
»«-3y« = 0. 

29. Taking the fixed line and the perpendicular to it from the fixed 
point as the axes of x and y respectively, the required equation is 
»«+(y-a)«-4y». 

Ex. 11. Page 40. 

1. «-y+l-0. 20. y + 3 = 0. 

2. 2«-y-3-0. 21. aj-2-0. 

3. aj + y-1-0. 22. a;-y + 2-0. 

4. a;-y = 0. 23. a;-y + 5-0. 
6. 3« + 2y-12-0. 24. aj-y-4 = 0. 

6. 2«-3y + 6-0. 26. x-VSy -AVs^O. 

7. ar+y-7-0. 26. y + 4 = 0. 

8. 4«-3y-0. 27. >/3a;-y-4 = 0. 

9. y-0. 28. a; = 0. 

10. y-4. 29. \/3a; + y + 4 = 0. 

11. 5«-2y-0. 30. a; + y + 4 = 0. 

12. rwj-«iy = 0. 31. a; + VSy + 4\/3-0. 

13. «-y-3 = 0. 32. y + 4-0. 

14. \/3a;-y+7-2V3 = 0. 33. 3« + 4y-12-0. 
16. a;-y+14 = 0. 34. aj-3y + 6-0. 

16. V3aj + 3y+12-13V3 = 0. 36. a; + y + 3=-0. 

17. v^a;-3y-3V3-0. 36. 3a;-5y-15-C 

18. « + y-3-0. 37. aj-2y+10-=0. 

19. \/3a; + y-0. 38. ar-y-l-O. 
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39. x-y-n = 0. 52. y = -a:±6V2. 

40. 4a; + y-4n = 0. a. y 

41. a; + y-6V2 = 0. 63. 311^11"''^' 

42. a;-yV3 + 10 = 0. 3 2 

43. a;+yV3 + 10-0. 66. a = ^.or-A 6«^. 

/- ^ m ^ 

44. a;-yV3-10 = 0. ^ 5 C 

p+7y+ll=0.x-3y+l-0, 68. m = --. or--. 6 = -. 

• I 3x+y-7 = 0. 69. (5, - 3). (6. 4). (~ 4. - 1) 

|a;-7y=-39, 9aj-5y=3, 60. 9aj + 2y = 0, jVsS. 

I 4 a; + y =» 11. 61. y ± a? = yj ± ^i. 

jl7a;-3y = 25, 7aj + 9y ^ j* (d-c)a:-{6-a)y=-a<i-6<;, 



48. 



J I7a;-3y = 25, 7aj + 9y ('(a-< 

i 17,5a:-6y-21 = 0. * [{d-c)x^Q>-a)y^hd-ae. 

2y^ + (a:i-2ai)y-a;^,=0. 

y^ + {2ari-a:j)y-a;iy, = 0, 



5a;-y=0,5aj + 6y-36=0, 
3a:-y = 21, 9a;+4y=0, 64. 



y«0, 14x+3y = 29. lyj»-{«i + a;Jy=-0. 

49. aj-yV3-7i-0. 66. m = 4. 

60. y = aj + 3. 66. m = 3. 

61. y-a:±6>/2. 67. 6 = -9. 

68. ?!»::i^i = ^:J?i.or.x,(y,-y,) + x,(y3-yO + a:,(y,-y,)-0. 

»8 - «l «J - «1 



Ex. 12. Page 44. 

1. -AVr3a; + AVr3y = HVl3;l>-HvT3. 

2. AVT4a; + AV34y-HV34;i)«i}vT4. 

<l — Jt-x/l? ^' Fourth quadrant. 

4 = Vv^ ^^* Second quadrant. 

5 = ItV^ ^^* Fourth quadrant. 
A =4-* a/2 ^'^^ Second quadrant. 

^ 13. Third quadrant. 

°" Ve' + c*' 14' First quadrant. 

J. r 16. Second quadrant. 

Vr?T?' 16. Fourth quadrant. 
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17. Third quadrant. 20. wi = --. 

18. Fourth quadrant. 21. 0; 8. 

22. IfC=12,il=-4, 5 = -l. 

24. ^ = (ya - 2/i). -B= - (a?a - ai), C'= (ajiy, - x^{). 

25. wi = - — , 6=-—- — 

a?, - x{ x^ - a?i 

Ex. 13. Page 46. 

1. 3a? -y- 16 = 0. 6. a; -5 = 0. 

2. 3a?-4y-3 = 0. 6. a; + 4y+49=-0. 

3. 4a;-y = 0. 7. 7a? -23y + 193 = 0. 

4. y-8 = 0. 8. y = 2a?. 

9. 35y + 49a; -79 = 0. 

Ex. 14. Page 47. 

2. tani^ = -}. 3. tani^-A^- 4- **'^^=°;^^* 

6. 90°. 6. 135°. 7. 90°. 8. 0°. 9. 30°. 

-- fy = 5a?-10, 13 | y-3 = m^(a;- 2), 

U + 5y = 28. ' 1 andm^ = -(8±5V3). 

lo (y = 5a; + ll. /y-3 = m>-l) 

l^ + 5y-3 = 0. 14. andm^ = «^^A 

OO 0>-* . 0-. 91 _n V 11 

r a?-3y + 26 = 0, 

30. -! 5a; + 3y + 8 = 0, 

l2a? + 3y- 9 = 0. 



22. 2a;'+3y-31 = 0. 

23. 62..31y-1115 = 0. 3^ Ul-^^TJ 

24. y = 6a?-27. l2a? + 3y- 
26. y = too; ± c?Vl + m«. gj^ a; — 6 = 0. 

26. 5a? = il(y-5). ' ^ 2a?- 9y + 12 = 0, 

27. ax — hy = a? — h^. 



f 2a?- 9y+ 12 = 0, 

32. ] 10a?- 4y+ 63 = 0, 

ll8a?-40y + lll = 0. 



28. (a±6)y + (6=Fa)(aj-a) = a U8a?-40y 

{aj— y— 6 = 0"\ meeting in the point 
2a?- y- 2 = [ (-4,-10). 
5a?-3y-10 = oJ Distance = V85. 

36. V — Vi = — ^ (^ ~ ^i)' 
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Ex. 15. Page 52. 



1. JVIO. 2. fVS. 3. 4. 4. |\/5. 6. 0. 

7. — ^, — ^, — V^, — V, The learner should construct the given 

— ♦• — 1» ^. + f. ^^^®*i *^^ observe how the sign of the re- 
— J^, — Jjf , — I, — |, quired distance gives the direction of the 

— t 0, + f . point from the line. 

8. - 6, - 5, - 4, 3, 2, 1, 0, - 1. The learner should construct the 
lines, and observe the change of sign of the distance, as in No. 7< 

9. -I Via 17. Vo^TP.- 22. 4. 

10. iiVTl. _^ah TZab' 23. ±-g^^. 

11. 2V2. i«- ;^?^^ ;^=^- vim:^ 

12. -}V2. 24 ^+^ 

13. ~Y. '19- \/5*T6«. ' VImT^ 

14. AVl3. 20. j. ^^+-g^-(-P-CO ^ 26. AV26: 
16. -i^V2. y/A^^& ^ ^ Zab 
16. t|V2. 21. 2. * ^V^Tj:^ 



Ex. 16. Page 54. 



.1. 1}. 4. 40. 


8. 


35. 




11. 


26.- 


2. 12. 6. aft. 


9. 


19}. 




12. 


96. 


3. 29. 7. 26. 


10. 


\{^%- 


-^i)' 


13. 


41. 


14. }(a-c)(6-l). 

16. }(a-6)(a+6-2<;). 


21. 
22. 


9a». 
2^ 




27. 


6» 
2w 


16. }(«'-&')• 




21 




28. 


iah. 


17. 60^60^60°; 9V3. 


23. 


24. 




29 


C* 


18. 10. 


24. 


36. 






2AB 


19. J. 


26. 


16. 




30. 


56. 


20. li. 


26. 


iah. 




31. 


10}. 



AKSWSBS. 



Ex. 17. Page 66. 

3. 2, 00. 90^ 2. (y. 4. 0. 0. 46*>. 0, 136». 

5. iV3-2. 2V3-1. 60^ 1""^ ' 1^**- 

6. 2, |V3, 150^ 1, 60^ 26. 4y-a? + 8. 

7. 2, -§V3. 30°, 1. 300O. 27. 4y = 9a?-24. 

8. §V3. -2, 60°, 1. 330°. 28. P«-20y + %-0, 

n l5a;- 4y + 32=-0. 

Q fllaj+ y = 0, ^ 

®- I «-5y + 20 = 0. 29. 88a:-121y + 371-0. 

10.AV82. 30. {^:;5i;i28:o: 
f 3a; + 4y-57«0, f2aj+ y- 9«0, 

3a; + 4y+ 6«0. "^^^ 1 a:-2y-17 = 0. 

12«-5y-39-0, 30 f 4aj + y-20 = 0, 
12«-5y + 24-0. ' 1 a;-.4y- 5-0. 

areft-63. 33. 2fl;»y, 2y-«. 

12. 43. 34. 4aj + 5y + ll±3'\/4i-0. 

13. x^S, 86. y=-{7T5V2)(a; + 2). 

14 |aj-y + l-0. 36. ^^^=^=.±i^^ti2Lzi2. 
U + y-7-0. V29 5 

15. 5a; + 6y-39-0. 37. paj-3y + 15 = 0. 

l3a? + 7v-93 = 0. 

16. 14a:-3y-30 = 0, ^ou^tiy . 

^ <ift J 8a? + 7y-19 = 0. 

17. 4«-5y + 8-0. ^' j I6aj + 3y + 17-0. 

18. a?+y-7=0. 39. 135°. 

19. y~y8 _ y«-yi 40. 90°. 

x-x^ x^-xi ^^ _3lV26 



11. 



2Q (y-3, 13y-5a;-l, 143 

' (9y-5aj + 7. 42 ± MJl£^Z1*5. 

21. 92aj + 69y + 102-0. V?T^ 

22. aj + 4y-34. 43. ^ "^^ • 

23. 3aj + 4y-5a-0. 

24. 3a? + 4y-24. ^- ±- Vl+m«. 

86. y-yt— ^(^-«i). ^^- ^- 
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46. 



i^, 64. 2y represents the two axes. 

&7. a -6. 



47. 

48. 17i 



6 ' 58. a? + a = 0, «-6 = 0. 



69. of + a-O, y + 6 = 0. 



49. en, 

-Q -Q 60. The axes and a; = y. 

61. (10.5}). ^1- 2aj-y-0. 7a?+y-0. 

62. If h denotes the altitude of the triangle, and the base is taken as 
the axis of x, the locus is the straight line y — A. 

63. The equation of the locus is 

(a:-aJi)« + (y-yi)*-(«~«J*+(y-y,)». 
This is the equation of the straight line bisecting the line joining (o^, yi) 
and {x^t y,), and ± to it. 

64. The two parallel lines represented by 

il«+5y + e±dVil« + J5»-0. 

67. Let b denote the base, iP the constant difference of the squares of 
the other two sides. Taking the base as axis of x, and middle point 
of the base as origin, the equation of the locus is 26a; = ± P. 

Ex. 18. Page 64. • 

1. 7« + y-0. ^ raj-y + 8-0. 6. 64a;-23y = 59. 

2. a; + 2y-13-0. * la?+y-6=0. 7. 44a?+y = 0. 

3. 5a? + 6y-37-0. 6. y«aj + 3. 8. 5aj+y-16-a 

9. {A(r-A'C)x + {B(y-B^C)y~0, 
10. (BA'-AB^ + CA^-AC^-O. 
„ Ax-\-By + C A'x + B^y + (r 
Ax^ + By^ + C A% + B'y^ + Cy 
12. 472a; -29y + 174-0. 13. y-a;>/3 + 3-V5. 

14 (4a? + 3y-25 = 0, y a; m5-a 

l3a;-4y + 25 = 0. o 6 ma + 6 

16-18. Generally the easiest way to solve such exercises as these is 
to find the intersection of two of the lines, and then substitute its co- 
ordinates in the equation of the third line. 
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M». «-l. 20. When HH^LzJH - .^^. 

21. Jf we choose as axes one side of the triangle and the correspond- 
ing altitude, we may represent the three vertices by (a, 0), (— c, 0), (0, 6). 

22. Ghoosing' as axes one side and the perpendicular erected at its 
middle point, the vertices may be represented by (a, 0), (— a, 0), (6, c). 

23. It is well here to choose the same axes as in No. 21. 

24. Choosing the origin anywhere within the triangle, it is evident 
that the equations of the bisectors in the normal form may be written as 
follows : 

(oj cos o + y sin a — 1>) — (x cos o' + y sin af—p^ — 0, 

(a? cos a-' + y sin a^ — J>0 — (a? cos o^^ + y sin a/^ —p^O = ^» 
(x cos a^^ + y sin a^^—p^^ — (x cos a + y sin o — p) =0. 
Now, by adding any two of these equations, we obtain the third ; 
therefore the three bisectors must pass through one point. 

35 r 2V2, ViO, 2VI0. ^ f»-y + 2-0. 

I Origin within the A. * 1 a; + y — 14 = 0. 

26. V^/10, IfVsi. ii'^- 



l7a?-7y + 24-0. "^ 

7a;-.9y + 34-0. 31. Hy-mx-b) ^ ^ ±(y--m^x-h 

9a; + 7y-12-0. Vl + m^ VI +m^ 



Ex. 19. Page 68. 

1. (i.) Parallel to the axis of rr, (ii.) parallel to the axis of y. 

2. When ad=bc. 

3. The two lines are real, imaginary, or coincident, according as 
(7« — 4 AB is positive, negative, or zero. The two lines are ± to each 
other when A+B-^0, 

6. a?+y+l«0, and a?-3y+l«=0. 

6. x-2y±(y-S)V^l = 0. 

7. a?-y-3-0, and a?-3y + 3=.0. 8. 45°. 9. ^=2. 
10. jr--10or-V- 11 ^-28. 12. ir=0, or->f. 
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Ex. 20. Page 70. 

1. Take the point as origin, and the axis of y parallel to the given 
lines. If the eqnations of the given lines are x = a, a; « 6, and if the 
slopes of the lines drawn in the two fixed directions are denoted by 
m', m^\ the equation of the locos is 

(J) — a)y^ m^b (x — a) — m^^a {x — b), 

2. If a and b are the sides of the right triangle, the equation of the 
locus is (, 

3. Let OA - a, OB = b. Then the equation of the locus is» + y=a + 6. 

4. Take as axes the base and the altitude of the triangle. Let a and 
b denote the segments of the base, h the altitude. Then the equation of 
the locus is 2x 2y -, 

ft^"*" h ' • 
This is a straight line joining the middle points of the base and the 
altitude. 

5. Take as axes the sides of the rectangle, and let a, b denote thdr 
lengths. The equation of the locus is 

bx — ay = 0. 
Hence the locus is a diagonal of the rectangle. 

Ex. 21. Page 73. 

1. a!» + y«--2r». 13. (4. 0), 4. 

2. a!« + y«-2»y. 14. (-4.0). 4. 

3. a!« + y«--2»y. 15. (0, 4). 4. 

4. (a;-5)« + (y + 3)««100. 16. (0,-4), 4. 
6. a!« + (y + 2)*-12L 17. (0, {), f 

6. (a; - 5)« + y« = 25. 18. (0, 0), 3 k. 

7. (X + 5)« +y»- 25. ^^ (0. 0). 2k 

a (:.-2)« + (y-3)«==25. ^' (^' 0)' ^^^■^• 

9. a!« + y»-2;b-2% = 0. 21. fi o| |v5. 

12- il i), iV62. \2 2/ 2 
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23. When D^jy and E^W \ in other words, when the two equa- 
tions differ only in their constant terms. 

24. In this case r = 0. Hence the equation represents simply the 
point (a, V). We may also say that it is the equation of an infinitely 
small circle, having this point for centre. 



26. 



(iii.)4C>i>Und^. 



On OY, imaginary points. 33. (7, 4) and (8, 1). 

(2, 4), 2V5 ; 34. (2, 0) and (j, -|). 

On OX, and 4 ; 

On or. and 8. 

(3. -2). 3; 86. 2(h-^). 



. -^ On ox, 3 and 2; • gj I yx 

(.On or, 6 and 1. ' ((iij. 

{ 

{(^Z, ^;, ZVO ; 34. ^Z, UJ 

On ox, and 4; 35 .^5 

On or. and 8. * ^ ' 

29. |0n0X,3± V5; 
tOn or. -2. 37. 2a;-y-2-0. 

/(-11.9), >/l45; 38. 4a:-5y-71-0. 

30. ^ On OX, -Sand -19; ^^ « .. «. ^ 
lonOr.9^2V6. »»• 3a:-5y-34-0. 

40. Let (x, y) be any point in the required locus ; then the distance 
of («, y) from (o^, yj must always be equal to its distance from (ac^, y,) ; 

therefore (a? - o^)* + (y - yi)* - (« - a^)* + (y - y,)* ; 

whence 2a?(iBi - «,) + 2y (yi - y,) - (o^" + yi« - V - y,«). 

Show that this represents a straight line X to the line joining (o^, y^) 
and (a,, y,). 

41. 8a? + 6y +17-0. 

42. FiEST Method. Substitute successively the co-ordinates of the 
given points in the general equation of the circle ; this gives three equa- 
tions of condition, and by solving them we find the values of a, 6, r, 

Sbooitd Method. Join (4, 0) to (0, 4) and also to (6, 4) by straight 
lines, then erect perpendiculars at the middle points of these two lines ; 
their intersection will be the centre of the circle, and the distance from 
the centre to either one of the given points will be the radius. 

Am. a;* + y'-6a;-6y + 8«=0. 

43. a!»+y«-8aj + 6y = 0, 45. a;* +y« + 8aa;-eay-0. 
41 «* + y« + 6« + y-0, 46. ic« + y* + 8aj + 20y + 31-0. 
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47. a!»+y"-9aj-5y + 14-0. 61. a:* + y*T2aa;T2ay +a*=-0. 

48 H*"" 5)« + (y + 8)« - 169, 52. a:» + y* = ax + 6y. 
l(a?-22)» + (y-9)«-169. 53. (x - 1)» + (y - 4)» = 20. 

49 fa:'+y'-30(x + y) + 225-0.' 54. x« +y«-. 14x--4y -5 = 0. 
la.2+yi_ 6(x + y)+ 9=0. 56. a;* + y«± V2ay = 0; 

50. x'' + y' - 8 X - 8y + 16 = 0. also x* + y' ± V2ax = 0. 

56. m(x* + y*) — a6 = (ma — 5)x + (mft — a)y. 67. x* + y* = XjX + yjy. 
68. (x-Xi)(x-x,) + (y-yi)(y-y,)-0. ^ ^i'^ax + y^'^r'--' 
59. (l+m«)(x« + y«)-2r(x + my) = 0. 2 

£x. 22. Page 81. 

1. The double sign corresponds to the geometric fact that two tangents 
having the same direction may always be drawn to a given circle. 

3. 2x + 3y = 26, 3x-2y = 0; 3Vl3, 2Vl3, -9, -4. yVIS. 

4. ^i'-^ -a, -!l. 22. |^+y'--P'' 

Xi * Xjyi I (|>coso,|>sina). 

5. 9x-r3y-250. f When C=r(^« + ^)i; 

6. x±3y-10. ^ |when4«±^^=±r. 

7. 104J. y/A^ + B* 

8. x« + y« = 25}. ^- «^ + ^ = 0- 

9. 14x±6y = 232. ^^ (-«.-*)• 

10. 3x + y = 19. 26. (2a, 6). 

11. 3x + 4y = 0. ^- (^'^)- 

,2 f3x-f7y = 93. 28. x»+y» = 5. 

l3x-7y-65. 29. m-0. 

13, jp^y 30. c = -36^20 V6. 

14. Ax-^ByTrV^TB^^O, 31. (x - 5)« + (y - 3)« = iftL. 

16. 5x-^yTrVlN^=-0. 32. I^*- 2)'+(yT 4)« = 100. 

16. x-y.rV2 = 0. 1 (- 18)« + (y - 16)' = 100. 

33. (x-l)» + (y-6)' = 25. 

17 The equation of the two tan- \ i i 

genteis(A«-r»)y«=rXx-A)». 34. ^ = ^, + ^- 

18. x + y = rV2. 35 (g* +y«)(o + 6 +V^T y)« 

19. p-1^. -.2a6(a + 6+\/S»T65)(x+y) 
(3x + 4y = 50. +a«6« = 0. 

20. y-2x + 13±6V5. 36. x^^a + r. 

21. -21. -31. 37. [4r«-2(a-6)»]*, 
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Ex. 23. Page 84. 



1. (1,-1UV29- 

2. (-}.f),jVn. 

3. (if),iV34. 

4. f--A_, -^U. 
VvTT^* vTTav 

5. a:« + y* = 81. 

6. (a;-7)»+y» = 9. 

7. (a; + 2)* + (y-5)*=100. 

8. a:«+y»-2a(3a; + 4y) 

9. a;» + y' + 2&« + c» 
= 2[(6 + c)a; + (ft-c)y]. 

10. 3a6(a;« + y') + 2a6(a' + 6*) 
= (5 a«+2 6») &a;+ (5 6»+2 a«) ay 



^0. 



11. x»+y*-5a;-12y = 0. 

12. a;« + y«-14a;-4y-5=.0. 

13. a:« + y« + 14a; + 14y + 49 = 0. 

14. a:» + y»T2ra;-2ry + r» = 0, 
x" + y « ± 2 rx + 2 ry + r* = 0. 

16. «2+y*-2ax-2ay+a«-j = 0. 

16. x» + y^ = f 

17. 5(a;»+y»)-10a? + 30y + 49 = 0. 

18. H^- 3)« + {y- 1)» = 5. 



8. i;^- 

l(a; + - 



19. a»+y«-30aj-52y = 0. 

20. a« + y' + 50a; + 88y-50 = 0. 

I aJ^. y«-36aj- 46y + 324 = 0, 
l25»» + 25y«-80a;-494y+ 64 = 0. 

31. a:»+y' = ±ayV2,or = ±aa;V2 

32. x«+y''±2a(a;±y) = 0. 

33. 2(a;«-aaj + y«-r») + a« = 0. 

34. a;-y«0. 

35. 4a; + 3y = 0. 
k + y^2. 36. (18±2\/4i)a;-5y = 0. 

37. »+ V3yi:20 = 0. 

38. a; + y-10 = 0. 
r- - 2rmc + c«. 40. i(35 + 24 V30). 43. 135o 
h = 40, or - 10. 44. (7. - 5) and (- 6/^. 9 Jf). 

(a;+4)« + (y + 10)« = 85, 



21. 

22. (6, 2), 5. 

23. -15. 

24. -10. 
26. iV234. 

26. VIO. 

27. x^x + yiy = x 

28. (i.)i>» = 4^a (ii.)-E;'=4^C, 
(iii.)i)«=-E« = 4iia 

29. 
30. 



45. 



/'(a;+4)'' + (y + lO)' = »o, 
U^~169)"'V^''169J-169»- 



46. The circle (a; - a:i)» + (y - yO' « r". 

47. The circle (a; - a)» + (y - 6)' = (»• + *•')'• 

48. The circle (a; - a^ + (y - 6)' = r» + «». 
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49. Take A as origin, and let the radina of the circle — r ; then the 
locuB is the circle «* + y* — rx. 

60. Take A as origin, and let the radios of the circle — r ; then the 

locns is the circle a* + «* =» — ; — • 
^ «i + » 

51. Take A as origin, AB as axis of s, and let AB — a ; then the 
locns is the circle (m* - n*) («* + y*) — 2am'x + <]?ri^ — 0. 

62. Take AB as the axis of x, the middle point of AB as origin, and 
let AB — 2a ; then the locns is the circle 2(:^ + y*) = ifc' — 2a'. 

68. Using the same notation as in No. 52, the locns is the straight line 
4aa;>»±£'. 
64. Taking the fixed lines as axes, the locns is the circle 4(x' ^-y*) — d^. 

66. Take the base as axis of x, its middle point as origin, and let the 
length of the base » 2 a, and the constant angle at the vertex » B. Then 
the locns is the circle x* + y* — 2a cot ^ y — a*. 

66. Take A as origin, AB as axis of x, and let AB-^a, AO^b. 
Then the locns is the circle (x — Ja)" + y* — j- 

67. The circle x* + y* -» — — -• where Z is the length of the chord. 

68. The locus is a circle. 



£z. 24. Page 97. 

1. 7x-6y-0. 2. «-y-0. 

4. aj + y — r, 2x + 3y = r, (a + 6)x + (a — 6)y -r*. 

5. 13x + 2y-49. 6. The tangent at (A, 1). 

7. (i.)2x + 3y-4, (ii.)3x-y = 4, (iii.)x-y-4. 

8. (i.) (20, 30), (ii.) (21, -14), (iii.) (35a, 356). 

9. (6.8). 18. 12x + 17y-51-0. 

10. ^-^, ^^\ 19. x + y-2-0. 

11. L3M-3y-25. «>• «.'-«^>-(«*-^^f-c.«. 
16. A« + *»-f». 2*- *-y-0. VHa + bf-U. 
17.3. 22. (-2.-1). 
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Ex. 26. Page 109. 

1. Writing a; + 1 for oj, and y — 2 for y, and reducing, we have y^ = 4 a;. 

2. T^ + y^'^r^. 5. a;* + y* = r*. 

3. a:»+y« = 2raj. 6. 2xy = a^. 

4. a» + y« = -2ry. 7. a;*-y» + 2 = 0. 

8. (1.) p=±a, (ii.) p» cos 2 ^ = a'. 

9. (i.) p = 4a tan e sec e, (ii) {a + p cos «)* = 4 op sin $. 

10. (i.) iB* + y« = a», (ii.) iX!^+y^='ax, (iii.) x^-y* = a\ 

11. a; + y = 0. 16. x*- 6a?y +y« = 0. 

12. 2'a;-5y + 10-0. 16. a;y = 3. 

13. 12x« + 16ay + 4y« + l = 0. 17. y^^2a(xy/2-a). 

14. iB» + y« = 25. 18. 4a;y«25. 

Ex. 27. Page 111. 

1. ftVs: 12. 9a:» + 25y» = 225. 

2. 48inJ«. 13. p = 8aco8^. 

3. Vl3-12cos«. 14. p=±4o. 

4. Va« + ft«-2a6cos(d-^). l^- P^sin^fl- 5pco8^ = ^. 

5. 2a8in^. 16- p' = 49sec2fl. 

6. 2acosfl. 17. p» = Pco8 2d. 



7. aV5-2\/3. 1®- ay = «'- 

9. 2x» + 2ay+y»=.l. 1»- (aJ* + y«)* =- 2 fcry . 

10. 2iB» + y»-6. 20. «»-y5 + (3a;-3y-6ife)«y«0. 

11. y = 0. 21. tan-if 

22. (i.)tan-i^-|). (ii.)tan-i|. 

Ex. 28. Page 117. 

2. y' = 4paj-4;>«. 3. y» = 4pa; + 4;)«. 

4. (i.) y* = lOo;, (ii.) y* = lOa + 25, (iii.) y« = 10a; - 25. 
6. (i.) y« « 16a;, (ii.) y« - 16» + 64, (iii.) y« « 16a; - 64. 
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6. (2, 6). 8, (4, 6) and (25. 16). 

7. 6, 15, ?. 9. (12, 6). 

10. The line a; - 9 meets the parabola in (9, 6) and (9, ~ 6). The 
line « « passes through the vertex. The line a? = — 2 does not meet 
the parabola. 

11. The line y => 6 meets the parabola in (9, 6). The line y => — 8 
meets the parabola in (16, — 8). 

12. p = 4. 13. The point (2, 8). 

14. (i.)y = 0, (ii.)a;--2, (iii.)x-2, (iv.)4a;±3y-8 = 0, (v.)y— 2a:. 

15. (i.)4a;-5y + 24 = 0, (ii.)«* + y«-20a; = 0. 

16. Sp. 17. SpVS. 

24. The latuB rectum of each ^ ^p. The common vertex is at the 
origin. The axis of x is the axis of (i.) and (ii.) ; that of y is ^e axis of 
(iii.) and (iv.). Parabola (i.) lies wholly to the right of the origin, 
(ii.) wholly to the left, (iii.) wholly above, (iv.) wholly behw. We may 
name them as follows : — 

(i.) is a right-handed X- parabola. (iii.) is an upward F-parabola. 
(ii.) is a left-handed Xparabola. (iv.) is a downward F-parabola. 

Ex. 29. Page 121. 

6. a? - 4y + 20 =- 0, 4a; + y - 90 = 0. 

7. Tangentej^-y + f"-^' normals {* + ^ ^ ^ " ^> 

These lines enclose a square whose area » 72. 

8. Tangent « V266, normal = V95, subtangent « 14, subnormal =» 5. 

9. (5.10). 13. P . . ^Vi^^n. 

mvl + m' ^ 

14. [V^,i(yi+y2)]- 

15. a; + y +|> = 0, point of contact {p, - 2p), intercept = —p. 

16. Equations of the tangents y VS — ± a? ± 3|>, required point (— 3^, 0). 

17. For the two points whose co-ordinates are 

18. For the points (0, 0) and (3^, ± 2py/S). 

19. 9a:-6y-l-5 = 0, (J, }). 

20. a;-2y + 12 = 0, (12, 12). 
4a; + 2y-f3-0,(f, -3). 
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21. y-x(±V2-.l) + 4(±V2 + l). ^ Wp{p + x,f 

an 
24. By the secant method we find that the equation of the tangent at 

(a^i.yOis y-yi 1_, 

« - a?! yi - 3' 
The points of contact are (— 1, 11) and (— 1, — 5) ; hence the tangents 
are a?-2y + 23 = 

and a? + 2y + 11 = 0. 

fO) yiy = -2^(a? + aji). 

25. j (ii.) x^x - 2p(y + yi), 
( (iii.) a?!* = - 2p(y + y^). 



Ex. 30. Page 123. 

1. y« = 24a;-144. 2. y»-16a;. 3. y«--17ar. 

4 f2y«-llaj + 12y + 73 = 0;.or, 5. (y + 7)«-4(a;-3). 

1 2y» + lla? + 12y-37 = 0. 6. 3y«-4aj. 

7. 2x» = 9y. 8. f, 8a; + 3 = 0, 8a;± 16y-3 = 0. 

jQ f 4 on OX; 20. y» = - 9aj. 

Is and — 2 on OF. 21. y* = 8a:. 

11. 4(2±V3)p. 22. y«-i2i=^«. 



-aj. 



Ai.j y = a? + 25. 
12. \(n.) 2V2. 23. y«-!LV 

Uiii.) a; + y-6=0. J^ ^ 



< (iii.) a; + y - u =»v. ^ 

13. a; + y- 6 = 0. ^ 24. y«= ^^' a;. 

14- y - yi = p» - «i)- 25. y» = 2(2r - «)a:. 

15. (8, 4), (2, 10). 26. ipV2. 

16. (2 4) (11 10) 27. The equation of the circle is 
,, ' h.VS^T^ (.-.3). + (y.J)^ = V. 
^^ y 2^^''- 28. (-3;,.0). 



18. 



2a 

A left-handed X-parabola. 29. ( ?, ± JpVS Y 
Latus rectum = 2. \3 / 

Vertex, (-2.0). g,, |(l'.±2|)); 



Focus, (- f, 0). * I 46*> and 1350. 

Directrix, a; = - f 31. 4;>«. 

19. 2aV2. 34. The parabola y> »;>a;. 
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The loci in exerciseB 35-38 are parabolas, the latos rectum in each 
being half that of the given parabola. If the given parabola ifi y' » 4 pa;, 
the eqaations of the loci are. 

36. y»-2;»-p». ^ The straight line y-;>^. 

86. y«-2ia-2p». ^' The parabola y« - 4;>a: «;>«P. 

37 1/* r« 2 ox *^* '^^ straight line kx=p. 

3a y» 1 2px + 2p». **• "^^ o^'^'' (* -P'^ + y* = F 

43. Take the given line as the axis of y, and a perpendicular 
throngh the given point as the axis of x, and let the distance from the 

point to the line » a. The locns is the parabola y* » 2a f a; — ^ j. 
Ex. 31. Page 134. 



' ay =- 2px. 

The cord is parallel to the 
tangent at the end of the 
diameter. 



10. 3a;-6y-6-0. 

11. 8y-25 = 0. - 1*' 

12. 13* + 22y + ife = 0. 

13. x-y-l = 0. 16. y«=52aj. 

18. Writing the equation in the form (y — 3)* = 8 (x — 2), and passing to 
parallel axes through (2, 3) we have y* = 8 aj. 8, (2, 3), (4, 3), y = 3, a? = 0. 

19. ^ numerically, (^^^. -|}y — f 

20. 5 numerically. (-|, ^fw^''^ f 

21. Take the given line as the axis oly, and a perpendicular through 
the centre of the given circle as the axis of x. Let the radius of the 
circle = r ; distance from the centre to &e given line = a. There are 
two cases to consider, since the circles may touch the givexk cisek either 
externally or internally. The two loci are the parabolas; 

y»-2(a + r)» + r»~a«. 
y*-2(a-r)» + ir»-a«. 

22. Let 2 a be the given base, ckb the given area ; take the baMtf 
axis of X, its middle point m origin ; then the locos is the parabola 

a» + 2y « o". 

Ex* 32. Page H4. 
1. 5, 4, 3, f 2. v^ , 1. 1,^4. 3. 2, VS. 1,4. 
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6. fV6. 13. «» + 2y«-100. 

6. e = jV3. 14. 8a:« + 9y«-8a«. 

7. 4a:» + 9y* = 144. 16. 2:V3. 

8. 25x» + 169y» = 4225. ^^7. x = y-±-:^=- 

9. 144a»+225y» = 32,400. ' Va« + 6» 

10. 16r» + 25y« = 1600. 18. (J. f). (- J. - J). 

11. 25a:« + 169y« = 4225. 19. (1,2), (1,-2). 

12. 3a5» + 7y»=115. • 20. (3.1). (3.-1). (-3,1), (-3.-1). 

21. See No. 11. The equation of the locus is a:^ ^ 4^2 ^ ^^ 

22. Taking as axes the two fixed lines, and putting ilP= a, j5P« 6, 
the acute angle between AB and the axis of x = ^, we find that 

a; ss a cos ^, y = b sin ^. 
Therefore Pdescribefl-an ellipse whose equation is 

^+y!=.i. 

23. The two straight lines y=*±a:-J_^. The locus is imaginary when 

' JO 

the values of y are imaginary ; that is, when A and B have like signs. 
29. The equations of the sides are 

4a«&« 



area — 



a^ + ft* 



7. 2y = a;±ia 

8. ^x-Sy±VM-^0, 

« a* J* 

9. a;=J: — . y = ±- 



£x. 33. Page 161. 

J (4aj±9y = 35, 
' t9a?T4y = 6. 

2 r2aJT3y \/3 + 12 = 0, 
* l6a;\/3T4y + 5\/3=0. 

{a? + 4y = 10, 
4a: -y -6 = 0; 

5. ^,+^-1. 12. x=^±^, y-:tA. 

m' n' V2 v2 

& 9a!» + 25y«-225. 13. y-4. 3aj + 2y-17. 



a: + 4y = 10, 10. Same answers as No. 9. 

11. 6«:a«. 
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14. The eqaation ±VEx±Sy = 9a represents the four tangents. 

15. aVl — e^cos'^. 16. J (a* esc ^ sec ^ — c* cot ^). 
17. The extremities of the latera recta. 

19. The method of solving this question is similar to that employed 
in 2 136. The required locus is the auxiliary circle a^ -\-y* = a*. 






Ex. 34. Page 152. 
it-8, 40y-9a:+jr2; 3. bx + ay w aby/2 - 0. 



V- 



semi-axes are - 

2 



2. Within. «• |cos*+|sin4»-l. 

in q& 

4. ly/2. ^^' «VI — e*cos*^. 

12. <^:h\ 
g 2V3 13. a«-c*a;i«. 

1 + V^ 14. V(l-e«Xa»-e«a;i«). 

6. a; + y = ±Vo« + 6'. VH^ ft 

7. 6a; + cy T ftVa* + c*=»0. ' u^- ^ =^- 

18. The locus is the minor axis produced. 

19. The ellipse ^(x- |Y+ y« = r» ; centre is ^| 0^ ; 

and r. 

20. The ellipse a«[y-^Y+ 6V=^; centre is fO,|j; semi-axes 

are - and -. 
2 2 

In 21-23 take the base of the triangle as the axis of x, and the origin 

at its middle point. 

21. The ellipse («« - c')x^ -\- sy = «»(8« - c«). 

22. The ellipse ib» + y« = A;c«. 

23. The circle (x + c)« 4- y' = 4 a\ 

Ex. 35. Page 164. 
I. 8ir. 2. }V5. 3. 20a; + 63y- 36 = 0. 

*• (-^' -=f } «• ('•>'^'=S' («•)<-!• (iii.)v-i. 



ANSWERS. 23 

11. 3a; + 8y = 4, 2a;-3y = 0. 

12. Area = — (m + w), m and n being the two segments (use the 

polar equation). 

13. 26a; + 33y- 92 = 0. 14. a; + 2y = 8. 

16. 6*x + a*y = 0, 6*0? - ah/ = 0, a'^y + ftSg. „ q, 6a; + ay « 0. 

17. ahf^x^Vx^. 29. ^+2^' = ?^. 

23. -=f| = 0. ,^ ,^ 

« * , 30. p=^(^-^). 

24. hx^/P^-b^ ± ay Va^ - P = 0. '^ l+ccosd 

26. e=jV6. 3^ o_ y 

26. See §148. * l-e«cos»d 



16a^» + 49y« - 128a; - 686y + 1873 = 0. 

25^ 
144 



33. 2a - 18, 26 = 10. 34. ^ + y' = 5a;. 



a — h 



37. Find the ratio of yj to the intercept on the axis of y. 

38. Vhx + a% = 6W + a'f . 43 ^he ellipse ^ + ^! = J. 

2 2 Ct 

41. The ellipse |i + 1 - 2. ^3 ^^^^ ^^^.^^^ ^,^, ^ ^,^, ^ ^2^ 

44. a = 2,6 = l,(-l, 1). 

46. Vf. Vi'--^i^^^=-^+4T^4^- 
46. The ellipse 25a^» + 16y«-48y = 64. 

Ex. 36. Page 174. 

1 .^_i^ = l ^- 3a;2_y2»3ci2. 

^^ ^^ 4. 625a;»-84y» = 10,000. 

2 4a^_j^^i 

^^^ ^ 36 6. 2a;«-2y2 = c«. 

7. a = 4, 6 = 3, c = 5, c = J, latus rectum = f . 
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8. IGy* — 92* » 144, transYene axis => 6, conjugate axis » 8, distance 
between foci » 10, latos rectom = ^. 

9. o:6-l:V5. 11. «=V2. 12. (5.-6I). 
14. Foci. (5, 0), (- 5, 0) ; asjrmptotes, y = ± |a?. 17. h. 

Ex. 37. Page 176. 

1. 16x-9y = 28.9a: + 16y-100, fV- »• «* - y* =- 9. (5, 4). 



4. 


The fonr pointa represented by 




,. *«' . „^ **» , 




Va'-i» Vo»-i» 


9. 


^ 10. ^-^. 


11. 


When a is leas than h. 12. The circl 



»-a« 



Ex. 38. Page 177. 

1. 26«, a«*. 12. (0, ±V^>^=^. 

2. 14 and 6. 13. 6«>a*. 

3. The8um = 2«r. 14. 64x-9y- 741 -0. 

8. (a, 6 V2). (a. - 6 V2). 15. y = 4* ± 8 V2. 

10. They are equal. o«5« 

lo. 



11. y=-±ajV2 + o. ' a» + 6»' 



Ex. 39. Page 188. 

1. 9aj + 12y + 16=-0. 6. a. 

2. oj-ii S. 75a;-16y-0. 

* 9. 245a; -12y- 1189-0. 

^- 2' 10. jVs- 

4 / ^ 56_«\ 17. See 2 140. 

e ^ 18. -^ + i^-2. 

6. aJ + a-0 a^i yi 



AMSWEBS. 25 



19 J a* V a 1 — « cos ^ 



r(i.) -_^_ff_o. 

9 J a* 6* a 

a' 6» o 



21. p^-. ^ 



23. The hyperbola 3 a* -y» + 20aj- 100 = 0. The centre is the point 
(— ^, 0). Changing the origin to the centre, we obtain 9 a:* — 3y' =« 400. 

24. Writing the equation in the form (a? — 1)' — 4(y + 2)* = 4, and 
changing the origin to (1,-2) we obtain — — 2L = i. The centre is 
(l.-2).a-2,&-l. 

26. Centre is (^^-j. "^^ )» semi-axes are '^—, A/--, in which 

4il 45 

26. The locus is the curve 2«y — 7* + 4y«-0. If we change the 
origin to the point (A, ib), we can so choose the values of h and ^ as to 
get rid of the terms containing x and y. Making the change, we obtain 

2ajy + (2 jfe - ?)» + (2 A + 4)y - 7 A + 4ife + 2 Ajfe - 0. 
If we choose h and h so that 2 A + 4 = 0, find 2 it — 7 = 0, that is, if 
we take A »« — 2, h — \^ the terms containing x and y vanish, and the 
equation becomes xy » — 7. Hence we see ({ 182, Cor.) that the locus is 
an equilateral hyperbola, whose branches lie in the second and fourth 
quadrants, and that the new axes of co-ordinates are the asymptotes. 

27. The equilateral hyperbola 2ajy = a*. 

28. Taking the base as axis of x, and the vertex of the smaller 
angle as origin, the locus consists of the axis of x and the hyperbola 
3a!«-y»-2aaj-0. 



Ex. 40. Page 206. 

X. The ellipse 72a« + 48y«=i 36. 8. The parabola y» = 3a; V2. 

2. The ellipse 40* + 2y« = l. 9. The parabola y»=. 2a;. 

3. The hyperbola 32a;»- 48 y» = 9. 10. The ellipse 4a;» + 9y» = 36. 

4. The ellipse 9a;» + 3y«=- 32. 11. The point (0, 0). 

6. Thehyperbola4aj»-4!y« + l-0. 12. The hyperbola 4a;»-9y» = 36. 

6. The parabola y' *» — } ^. 13. The straight lines y » a;, y » _ 5. 

7. The parabola y»- 2a; V2. 



26 AKALTTIC ^KETBT. 

Ex. 42. Page 229. 

2. 2d; 5th; 6th: 7th; 3d; 4th: 8th. 

6. 6V2; Vii; V83; 0.3^2, 0.4 \/2, 0.5 >/2; f\/l4. -A^^^. 

6. ^Vii, ^Vii, ^y/ii. The line is parallel to the radius vector of 
the point (1, 2, 3). 

7. Parallel to the radins vector of the point {A, B, C). 

8. dO» or 120«; 90*»; 60<» or 120*». 

Ex. 43. Page 235. 

1. >/3; >/3; 2V3. 3. 5V2. 

6. Lines parallel to the radius vector of (3, — 2, — 5). • 

6. C08-1 \%y/U, 9. (1, V3. 2\/3). 

7. 90». 12. (i, - f . {). 

8. (4.i».i»). 13. (-^.-J^.J^). 

Ex. 44. Page 240. 

4. 2aj-3y+ V3z«28. ^ E_l^_«=l 

6. 6aj + y-2 = 5. * 4 3 7 ' 

The general equation of a plane may be divided by any one of its 
coefficients ; hence, except when Z) => 0, it may be put under the form 
A^x + B^ + Qz = 1, which contains three arbitrary constants, and 
therefore may be made to satisfy three simple conditions. 

^- ^°^"'*- 12. ? + ?-^ = l; 

8. 79® 52^ a h c 

—2abc 

j^ 14 2a: + 4y-2 = 23. 

''''"' V A^-f^ + C' ' !«• 3a.-y + 2z»4. 

B 18. a: + y + 2 = 6; 2\/3. 

COB-' - . 

y/A^ + & + (P IS. 3a;-4y + 7z + 13 = 0. 

^. 2.26. 20. 2x + 5y-2-9. 
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Ex. 45. Page 247. 

3. It passes through (J, 0, — }), and is parallel to the radius vector 



of (4, 5, 3). 

X—l y—2 Z—Z 

• 2 2-2 


6. (4. 5,0). (0.1. 4), (-1.0, 5). 

7. 2y + 52 = 10. 


8. 2a;-6y + l«0, 2a; + 52 + l = 


= 0,y + z=»0. 


11. cos-' -0.1. 

12. 14° 57^ 46^'. 

13. C0S-4JV2. 


y. z-2 .y + 4 2 + 6 
'3-62 


16. y--2a;-l, 2 = 3a; + 5. 


18. sin-i^. 


io ^-p y-q 


2 


m n 


1 



y 1 + m' + n' VI + m* + n* Vl + m* + n' 
in which the denominators equal cos a. cos iS. cos y respectively. 

Ex. 46. Page 263. 

1. The planes a; = — 4, a; = — 1. a? =» 2 ; the planes y = — 2, y « 1. y = 3 ; 
the planes z = 0. 2 = — m. 

2. Answer to the first, the paraholic cylinder whose elements- are 
parallel to the axis of z, and whose trace on the plane xy is the para- 
bola y* = 8 a;. 

3. 5a:« + 13y«-56. 52«-y«-8,a:« + 132»«32. 

4. a* + y* = ^, 2 = ± ^\/42 ; hence the curves are two circles in the 
planes z = ± f V42, whose centres are in the axis of 2 and whose radii 
are V\ each. 

6. a = 3, 6«2, e = jV5. 

6. Two circles whose radii are y/\Z each. 

8. 9(a:»+y«) = (2-5)«; ar»+y* = V. 

9. 25a:« + 25y«-92» + 902 = 225, 

10. x» + y»-f2-J = 0. 

11. y« + z«_8a;-0. 

12. a:» + y«-i2«-3«-9; (0,0,-6). 

13. 9(x»+y«) + 42« = 36. 

14. 16(a;a+y«) + 92» = 144. 
16. 4(a;» + y«)-92« = 36. 

16. a;V +yV= 1. a:» + y»- J2» = a 

17. a = 5V5. & = jV6. 
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Wentworth'8 Trigonometries . 

By G. A. Wkntworth. 
Plane and Solid Geometry, and Plane Trigonometry. 

12mo. Half morocco. 490 pages. Mailing price, Z1JS6; for intro- 
duction, $1.40. 

Hew Plane Trigonometry. 

12mo. Paper. 134 pages. Mailing price, 45 cents; for introduction, 
40 cents. The old edition is still issued. 

Hew Plane Trigonometry, with Tables. 

8yo. Cloth. 249 pages. Mailing price, 31-00; for introduction, 90 
cents. The old edition is still issued. 

Hew Plane and Spherical Trigonometry. 

12mo. Half morocco. 214 pa^es. Mailing price, 95 cents ; for intro- 
duction, 86 cents. The old edition is still issued. 

Hew Plane and Spherical Trigonometry, with Tables. 

8vo. Half morocco. 315 pages. Mailing price, $1.30; for introduction, 
$1.20. The old edition is still issued. 

Hew Plane Trigonometry, and Surveying, with Tables. 

8yo. Half morocco. 306 pages. Mailing price, $1.30; for introduc- 
tion, $1.20. 

Hew Plane and Spherical Trigonometry and Surveying, with Tables. 
8yo. Half morocco. 368 pages. Mailing price, $1.60; for introduc- 
tion, $1.35. 

Hew Plane and Spherical Trigonometry, Surveying, and navigation. 
12mo. Half morocco. 412 pages. Mailing price, $1.30; for intro- 
duction, $1.20. 

fTlHE aim has been to furnish just so much of Trigonometry as 
. is actually taught in our best schools and colleges. The 
principles have been unfolded with the utmost brevity consistent 
with simplicity and clearness, and interesting problems have been 
selected with a view to awaken a real love for the study. Much 
time and labor have been spent in devising the simplest proofs for 
the propositions, and in exhibiting the best methods of arranging 
the logarithmic work. Answers are included. 

The New Plane Trigonometry gives suiOacient practice in the 
radian as the unit of angular measure, in solving simple trigono- 
metric equations, in solving right triangles without the use of 
logarithms, and in solving problems in goniometry. 

It also contains the latest entrance examination papers of some 
of the leading colleges and scientific schools ; and a chapter on 
the development of functions of angles in infinite series. 
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The New Spherical Trigonometry, Surveying, and Navigation 
has been entirely re-written, and such changes made as the most 
recent data and methods seemed to require. 



W. A. Harshbarger, Professor of 
Mathematics, Washburn College^ To- 
pefca, Kans. : I am well pleased with 
both the matter and arrangement of 
Wentworth's New Plane and Spheri- 
cal Trieonometry. The problems 
are excellent. 

Cooper D. Smith, Professor of 
Mathematics^ University of Tennes- 
see, Knoxville, Tenn. : For a short 
course and (]^ulck learning of the 

Eractical application of the subject, I 
eartily commend Wentworth's New 
Plane and Spherical Trigonometry. 



W. P. Ihirf ee, Professor of MatJie- 
matics, Hobart College, Geneva, 
N.Y.: I have examined Wentwortii's 
New Trigonometry and think it an 
improvement of an already excellent 
book. 

L. C. Colbum, Professor of Mathe- 
matics, University of Wyoming, La^ 
ramie, Wyo. : 1 find much to com- 
mend in Wentworth's New Plane 
and Spherical Trigonometry. The 
increased number of problems is a 
much desired addition, as is the chap- 
ter on construction of tables. 



Wentworth & Hi It's New Five-Place Logarithmic 

and Trigonometric Tables. 
By G. A. Wentworth, and G. A. Hill. 

Seven Tables (for Trigonometry and Surveying) : Cloth. 8vo. 79 pages. 
Mailing price, 55 cents ; introduction, 50 cents. 

Complete (for Trigonometry, Surveying, and Navigation) : Half mo- 
rocco. 8vo. XX + 154 pages. Mailing price, $1.10; introduction, $1.00. 

T^HESE Tables have been prepared mainly from Gauss's Tables, 
and are designed for the use of schools and colleges. They 
are preceded by an Introduction, in which the nature and use of 
logarithms are explained, and all necessary instruction given for 
using the tables. They are printed in large type with very ogen 
spacing. Compactness, simple arrangement, and figures large 
enough not to strain the eyes, are secured by excluding propor- 
tional parts from the tables. 

Wentworth & Hill's Exercises in Arithmetic . 

I. Exercise Manual. 12mo. Boards. 282 pages. Mailing price, 55 
cents; for introduction, 50 cents. 11. Examination Manual. 12mo. 
Boards. 148 pages. Mailing price, 40 cents ; introduction price, 35 cents. 
Both in one vofums, 80 cents. Answers to both parts together, 10 cents. 



'PRE first part (Exercise Manual) contains 3869 examples and 
problems for daily practice, classified and arranged in the 
common order; and the second part (Examination Manual) con- 
tains 300 examination-papers, progressive in character. 
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